
Operator Splitting Methods and Its Applications in Quantitative Finance

A Dissertation presented

by

Jiazhou Wang

to

The Graduate School

in Partial Fulfillment of the

Requirements

for the Degree of

Doctor of Philosophy

in

Applied Mathematics and Statistics

Stony Brook University

December 2018



Stony Brook University

The Graduate School

Jiazhou Wang

We, the dissertation committe for the above candidate for the

Doctor of Philosophy degree, hereby recommend

acceptance of this dissertation

Andrew Mullhaupt - Dissertation Advisor

Research Professor, Applied Mathematics and Statistics

Jiaqiao Hu - Chairperson of Defense

Associate Professor, Applied Mathematics and Statistics

Yue Zhao - Inside Committee Member

Assistant Professor, Electrical and Computer Engineering

Raphael Douady - Outside Committee Member

Research Professor, University Paris 1-Sorbonne

This dissertation is accepted by the Graduate School

Dean of the Graduate School

ii



Abstract of the Dissertation

Operator Splitting Methods and Its Applications in Quantitative Finance

by

Jiazhou Wang

Doctor of Philosophy

in

Applied Mathematics and Statistics

Stony Brook University

2018

Numerical method plays main role in quantitative finance, such as

stochastic differential equations and portfolio optimization. In this the-

sis, we consider two operator splitting methods as the numerical schemes.

First, we consider Forward-Backward splitting in the portfolio opti-

mization. We propose two methods: proximal gradient Newton (PGN)

method and proximal gradient diagonal Hessian (PGDH) method. These

two methods have significant better performance in both execution time

and accuracy than other known methods. Second, we consider Peaceman-

Rachford splitting in the SDEs. We propose using Peaceman-Rachford

splitting as a novel scheme solving SDEs. Numerical result shows that

the proposed scheme outperforms other classical numerical schemes.
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1 INTRODUCTION

1.1 Introduction

Modelling many problems in quantitative finance gives rise to sys-

tems of Initial Value Problem (IVP)

dy

dt
= f(t, y), with y(0) = y0 (1.1)

One example is solving Stochastic Differential Equations (SDEs)

dX = a(t,X)dt+ b(t,X)dWt. (1.2)

Another example is convex optimization, which can be interpreted as a

discretized method for solving a differential equation

d

dt
x(t) = −∇F (x(t)) (1.3)

called gradient flow for the differentiable convex function F .

This dissertation is concerned with using operator splitting methods

solve SDEs and portfolio optimization problems.

Most IVPs do not have a closed form solution. Therefore one must

approximate the solutions using numerical integral (or an updating for-

mula). One way of doing this is expected to generate a sequence of

approximations y1, y2, ..., yN to yt at sample-times t0 = 0 < t1 < t2 <

... < tN = T [53]. The simplest numerical methods for IVPs are the

Forward Euler methods

yn+1 = yn + θnf(tn, yn) (1.4)

and the Backward Euler methods

yn+1 = yn + θnf(tn+1, yn+1) (1.5)
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In the optimization context, the Forward Euler step coincides with gra-

dient descent methods

xk+1 = xk − αk∇F (xk) (1.6)

and the Backward Euler step is also called the proximal point methods

xk+1 = argmin
u

∇F (u) +
1

2αk
‖u− xk‖2 (1.7)

Usually the backward Euler step has both better convergence property

and better numerical stability. However, in order to get the Backward

Euler step, one often needs to solve a system, which is much harder than

just updating the Forward Euler step. There is a way to overcome this

issue when the operator f has a special property: it can be decomposed

as the sum of two operators

f = g + h

where at least one of them has an easy updating formula (or even a

closed form) of Backward Euler step. This kind of technique, which

called operator splitting methods, has been widely used in Ordinary Dif-

ferential Equations (ODEs) and Partial Differential Equations (PDEs)

in the part several decades, for example, Alternating direction implicit

method.

In this dissertation, we consider two splitting schemes. One is

Forward-Backward splitting (also called proximal gradient methods in

optimization context). In particular, we introduce a Hessian-free proxi-

mal gradient method which combines the modern approach of proximal

algorithms with classical techniques for smooth unconstrained optimiza-

tion that allow for fast asymptotic convergence. The other is Peaceman-

Rachford splitting. We develop a new numerical integral scheme for

SDEs and the Brownian motion in unitary group U(N) using Peaceman-

Rachford splitting scheme. The new scheme has better strong conver-

gence property than other classical schemes.

2



1.2 Contributions and organization

We start from some basic mathematics background in chapter 2.

Then in Chapter 3 we describe the simple mean variance portfolio se-

lection model for single-period trading and multi-period trading. We

formulate the problem with the cost model and portfolio constraints.

Then we show a standard way to solve this problem.

In Chapter 4 we show a fast algorithm for a single-instrument multi-

period portfolio selection problem which is a special case of the problem

defined in Chapter 3. We show that this reduced problem satisfies the

Pontryagin’s maximum principle so that it can be solved using dynamic

programming idea with memoization technology. We describe the im-

plementation in detail in order to achieve the best performance. A back

test using AAPL data in Jan. 2017 shows evidence that the performance

of this algorithm is significantly better than traditional quadratic pro-

gramming solver.

We try to extend the dynamic programming algorithm shown in

Chapter 4 to cases with a larger number of instruments. We first show an

extension to two instrument, with a description of difficulty in higher di-

mension. Then we turn to an iterative solving technology called proximal

mapping. We propose a proximal gradient newton method (Algorithm 5)

that combine our dynamic programming solver with the proximal gradi-

ent iteration. In order to increase the performance, we introduce a step

size choice framework with a merit function in each iteration. Combined

these techniques together, we propose Algorithm 6 as the final solver.

The numerical experiments show that our algorithm has better perfor-

mance against both traditional solvers and the proximal gradient solver.

With this proximal gradient technique, we are able to solve more

optimization problems in the quantitative finance area. Two examples

considered in Chapter 6 are a single-period long only portfolio and a

single-period long short portfolio with position constraints. The main

issue in these two problems is the dimensionality (i.e. number of as-

sets). To overcome this issue, we propose two algorithms. One is proxi-

mal gradient Newton method (PGN) in Chapter 5 with simple proximal

3



mapping. The other one uses the quasi-Newton idea, especially we use

a diagonal hessian approximation so that each iteration has only few

matrix-vector multiplications. We refer this method as proximal gradi-

ent diagonal Hessian method (PGDH) in Algorithm 7. Numerical ex-

periments show that our algorithm has significantly better performance

than other known methods.

In Chapter 8, we develop a new numerical scheme for SDEs using

Peaceman-Rachford splitting. We test the new splitting scheme in three

tests which are often considered in mathematical finance: geometric

Brownian motion, Cox–Ingersoll–Ross model and the Brownian motion

on the unitary group U(N). In these tests, we compare our proposed

schemes with other classical methods such as Euler-Maruyama method,

Milstein method and Euler-Heun methods. Numerical results show that

the proposed scheme outperforms other classical numerical schemes.
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2 MATHEMATICS BACKGROUND

In this chapter, we collect the mathematical materials which will

be used in the following chapters. Throughout the thesis, H is a real

Hilbert space equipped with inner product 〈·, ·〉 with associated norm

‖·‖.

2.1 Semismooth Analysis

In this section we introduce some extensions of classical results in

real analysis for smooth functions to nonsmooth and semismooth func-

tions. These tools are developed when considering the numerical meth-

ods for solving the systems of semismooth equations of the form

G(x) = 0 (2.1)

where G : Ω ⊂ Rn → R
m is locally Lipshchitz on the open set Ω. The

results in this section are fundamental and can be found in [32]

Definition 2.1 (B-subdifferential). Let F : Rn → R
m be a given func-

tion that is locally Lipschitz continuous in a neighborhood N ∈ Rn of a

vector x ∈ Rn. Define the B-subdifferential (or limiting Jacobian) of F

of x is

∂BF (x) := {H ∈ Rn×m | ∃ xk ⊂ CF withxk → x, JF → H} (2.2)

where CF is the subset of points in Rn such that F is differentiable, and

JF (x) is the classical Jacobian of F at point x.

An intuitive interpolation of B-subdifferential is that pick a sequence

{xk} where the sequence converges to x, and F is differentiable at each

point of {xk}, then the limit value of the Jacobian of F is in the set of

B-differential of F.

Example 2.2 (B-differential of absolute value). The B-subdifferential

5



of absolution function on the real line

f(x) = |x| , x ∈ R1 (2.3)

is as follows

∂Bf(x) =


1, x > 0

{−1, 1}, x = 0

−1, x < 0

It is easy to see that the B-differential at origin has two elements since

one can approach to the origin from either positive part or the negative

part of the real line.

With the definition of B-differential, we are ready to introduce the

Clarke generalized Jacobian.

Definition 2.3 (Clarke generalized Jacobian). Let F : Rn → R
n be

locally Lipschitz at x ∈ Rn. The Clarke generalized Jacobian of F at x

is:

∂CF (x) = conv ∂BF (x) (2.4)

where convC is the convex hull of set C. Whenm = 1, Clarke generalized

Jacobian reduces to generalized gradient (also called subgradient).

Example 2.4 (Generalized gradient of absolute function). The gener-

alized gradient of absolution function (2.3) is

∂Cf(x) =


1, x > 0

[−1, 1], x = 0

−1, x < 0

we refer this function as sign function sign(x).

The Clarke generalized Jacobian plays an important rule in Newton-

type algorithm for solving semismooth system. Algorithm 1 gives a

simple semismooth Newton method for solving (2.1). It requires the

6



Algorithm 1 Semismooth Newton Method

Require: G, x0, ε > 0;
Ensure: x;

tolerance = ε ∗ 10;
2: k = 0;

while tolerance > ε do
4: Select an element Hk ∈ ∂cG(xk). Find a direction such that

G(xk) +Hkdk = 0. (2.5)

xk+1 = xk + dk;
6: tolerance =

∥∥dk∥∥
k = k + 1;

8: end while
return uk+1;

computation of Newtion direction for each iteration. The system (2.5)

has unique solution when Hk is nonsingular. We present the following

Lemma which ensures the existence of such a nonsingular Hk.

Lemma 2.5 ([32] 7.5.2). Let J : Ω ⊂ Rn → R
n×n, with Ω open, be

a compact-valued, upper semicontinuous set-valued mapping. Suppose

that a point x̄ ∈ Ω all the matrices in J(x̄) are nonsingular. There exist

positive constants κ and δ such that

sup
x∈B(x̄,δ),H∈J(x)

max{‖H‖ ,
∥∥H−1

∥∥} ≤ κ.

In particular, all the matrices H ∈ J(x) for x ∈ B(x̄, δ) are nonsingular.

Proof. Since J is upper semicontinuous and compact, for every positive

ε, there exists a positive δ such that J(x) is contained in J(x̄) +B(0, ε)

for every x ∈ B(x̄, δ). The lemma follows readily from this observation

and from the continuity of the determinant.

The following theorem ensures that algorithm 1 has linear (even

quadratic) convergence rate with a suitable condition on G.

Theorem 2.6 ([32] 7.5.3). Let G : Ω ⊂ R
n → R

n, with Ω open,

be semismooth at x∗ ∈ Ω satisfying G(x∗) = 0. If ∂G(x∗ is nonsin-

7



gular, then there exist a δ > 0 such that, if x0 ∈ B(x∗, δ), the se-

quence {xk} generated by Algorithm 1 is well defined and convergences

Q-superlinearly to x∗. Furthermore, if G is strongly semismooth at x∗,

then the convergence rate is Q-quadratic.

We omit the proof and refer the chapter 7 of [32] for the detail.

2.2 Convex analysis

In this section we introduce the fundamental notions, results and

examples from convex analysis, convex optimization which will be used

in the following chapters. These results are standard, and can be found

for instance in [4]

2.2.1 Convex sets

Definition 2.7 (Convex set). A set C of H is convex if, for every pair

of points x, y ∈ C, the points on the line segment joining x and y are in

the set C, i.e.

tx+ (1− t)y ∈ C, ∀t ∈ (0, 1)

Example 2.8 (Ball). A ball in Hilbert space

C := {x | ‖x− x0‖ ≤ r}

is a convex set.

Example 2.9 (Box). A box in Hilbert space

C := {x | l ≤ x ≤ u}

is a convex set.

A fundamental but very important result the intersection of convex

sets is still convex:

Proposition 2.10 (Set intersections[71]). The intersection of an arbi-

trary collection of convex sets is convex.

8



2.2.2 Convex functions

Definition 2.11 (Convex function). A function f : H → R̄ if dom(f)

is convex and, for every pair of points x, y ∈ H,

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y), ∀t ∈ (0, 1)

A convex function is proper if

f(x) > −∞

for every x and

f(x) < +∞

for at least one x. The the set of points for which f takes on finite values

is called the effective domain of f , i.e.

dom(f) := {x ∈ H | f(x) < +∞}

The epigraph of f is defined as

epi(f) := {(x, y) ∈ C × R | x ∈ dom(f), f(x) ≤ y}

Note that the epigraph of a closed proper convex function is a nonempty

closed convex set.

Example 2.12 (Indicator function). Let C ⊆ H be a non-empty closed

convex set, define the indicator function IC corresponding to C as:

IC(x) :=

0, if x ∈ C,

+∞, otherwise

For the convenience of the computation in the following chapter, we

9



extend the generalized Jacobian of indicator function as follows:

∂CIC(x) :=


JIC(x), x ∈ interior(C)

conv (∂BIC(x) ∪ {+∞}), x ∈ ∂C

+∞, otherwise

(2.6)

Note that we add all the directions where IC does not have finite repre-

sentation to the B-differential, and we assign the generalized Jacobian to

+∞ where the value of indicator function is +∞. These operations are

safe because they do not exclude any elements of ∂CIC(x) when x ∈ C.

Definition 2.13 (Proper convex function). A convex function f : Rn →
R

1 ∪∞ is proper if there is at least one x ∈ Rn such that f(x) is finite

and for any x ∈ Rn, f(x) > −∞.

2.2.3 Strong convexity

Definition 2.14 (Strong convexity). A differentiable function f : C →
R̄ is strong convex with parameter µ (µ > 0) if, for every pair of points

x ∈ dom(f) and y ∈ C,

f(y) ≥ f(x) +∇f(x)T (y − x) +
µ

2
‖y − x‖2

2.3 Convex Programming

In this section we give a brief review of convex optimization prob-

lems. Recall that a convex optimization problem is a minimization prob-

lem of the form

minimize
x

f(x)

subject to gi(x) ≤ 0, i = 1, 2, ..., n

hk(x) = 0, k = 1, 2, ...,m

(2.7)

where each function gi : C → R̄ is convex, and each function hk : C → R̄
is affine. The function f is called objective function, while the equations
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gi(x) ≤ 0 and hk(x) = 0 are referred as constraints. The set of points

that satisfy all the constraints is called the feasible set. If there is not

point satisfy all the constraints, we say that the underlying problem is

infeasible.

Example 2.15 (Linear constrained quadratic programming). The gen-

eral linear constrained quadratic program (LCQP) can be stated as

minimize
x

1

2
xTHx+ fTx

subject to Gx ≤ h

Ax = b

(2.8)

where H ∈ Rn×n is symmetric positive semi-definite matrix, G ∈ Rm×n

is a m by n matrix, A ∈ Rp×n is a p by n matrix, and x ∈ Rn, f ∈ Rn,

h ∈ Rm, b ∈ Rp are vectors.

2.3.1 Karush–Kuhn–Tucker conditions

Karush-Kuhn-Tucker conditions (KKT conditions) are first-order

necessary conditions for a solution in nonlinear programming to be op-

timal. We first introduce the Lagrangian function, then shows:

Definition 2.16 (Lagrangian function). Given a convex optimization

problem

minimize
x

f(x)

subject to gi(x) ≤ 0, i = 1, 2, ..., n

hk(x) = 0, k = 1, 2, ...,m

the corresponding Lagrangian function is defined as

L(x, λ, µ) = f(x) +
n∑
i=1

λigi(x) +
n∑
k=1

µkhk(x)

Lagrangian function introduce new variables λ and µ(also called

Lagrange multipliers or dual variables) into the problem. This leads to

11



a Lagrangian dual function[61]

q(λ, µ) := inf
x
L(x, λ, µ) = inf

x
{f(x) +

n∑
i=1

λigi(x) +
n∑
k=1

µkhk(x)}

and a Lagrangian dual problem:

maximize
λ,µ

q(λ, µ)

subject to λ ≥ 0

µ ≥ 0

(2.9)

We refer (2.7) as the primal problem, which gives us the exact solution

of the target problem, and (2.9) as the corresponding dual problem.

Note that the solution of the dual problem (2.9) provides a lower bound

to the solution of the primal problem[11]. The difference between the

objective function values of the primal problem and the dual problem is

called duality gap.

Now we are ready to introduce the KKT conditions:

Definition 2.17 (KKT conditions[11]). Let x∗ be the primal optimal

point of 2.7, (λ∗, µ∗) the dual optimal point of 2.9 with zero duality gap.

The Karush–Kuhn–Tucker conditions is defined as

∇f(x) +
n∑
i=1

λigi(x) +
m∑
k=1

µkhk(x) = 0

gi(x) ≤ 0, i = 1, 2, 3, ..., n

gk(x) ≤ 0, m = 1, 2, 3, ...,m

λi ≥ 0, i = 1, 2, 3, ..., n

λigi(x) = 0, i = 1, 2, 3, ..., n

(2.10)

2.3.2 Classical methods for solving QP

Here we introduce two classes of methods solving general QP which

are used in the commercial software MATLAB. One is called trust region

reflective methods, the other one is called interior point methods. These

12



two methods will be compared as the benchmarks in the numerical ex-

periments chapter.

Given objective function f(x) associated with constraints, the trust re-

gion method keep tracking a simpler model q(x), as a resonable approx-

imation of f(x) with a neighborhood N , called trust region. A trial step

s is computed by solving a trust-region subproblem

minimize
s

q(s)

subject to s ∈ N

A simple but powerful approximation model is using Hessian H and the

gradient g:

q(s) =
1

2
xTHs+ gT s

The trial step is accepted when the objective function value is decreased,

i.e.

f(x+ s) < f(x)

The neighborhood N is updated after the trial according to the stan-

dard rules. The algorithm runs all the procedures above iteratively until

convergence. For more details, we refer [61].

The interior point methods extend the barrier methods which were de-

veloped in the 1960s. One practical interpretation is that the methods

use slack variables transfer the original problem to an equivalent prob-

lem and then solve the equivalent problem iteratively with Newton’s

method. As an example, for a generalized convex optimization problem

2.7, we can re-write the problem using slack variables as follows:

minimize
x,s

f(x)

subject to gi(x) + si = 0, i = 1, 2, ..., n

hk(x) = 0, k = 1, 2, ...,m

si ≥ 0, i = 1, 2, ..., n

(2.11)
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According to (2.17), the KKT conditions can be written as

∇f(x) + JTg (x)µ+ JTh (x)λ = 0

Dsλ− e = 0

h(x) = 0

g(x) + s = 0

s ≥ 0

λ ≥ 0

(2.12)

where Jg(x) and Jh(x) are Jacobian matrices of the functions g(x) and

h(x), and Ds is a diagonal matrix whose diagonal entries are given by

the vector s. Applying Newton’s method, we can drive a linear system

from (2.12):
∇2
xxL 0 JTg (x) JTg (x)

0 Dλ 0 Ds

−JTg (x) 0 0 0

−JTg (x) I 0 0




px

ps

pµ

pλ

 = −


∇f(x) + JTg (x) + JTh (x)

Dsλ− e
h(x)

g(x) + s


(2.13)

where L denotes the Lagrangian for (2.12), and Dλ is a diagonal matrix

whose diagonal entries are given by λ. The procedure for one iteration

includes solving (2.12) to get a Newton’s search direction and using line

search method update the current trail. We repeat the iteration until a

stopping criterion is satisfied.

2.4 Convex composite minimization form

The general quadratic programming problem can be written as a

composite minimization form:

minimize
x

h(x) + g(x) (2.14)

where h(x) is a convex smooth function, and g(x) is a convex (possibly

nonsmooth) function.
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Example 2.18. The box constrained quadratic programming problem

minimize
x

F (x) =
1

2
xTHx+ fTx

subject to l ≤ x ≤ u
(2.15)

has the following composite minimization form:

minimize
x

F̃ (x) = h(x) + g(x)

subject to h(x) =
1

2
xTHx+ fTx

g(x) = Il≤x≤u

(2.16)

Convex composite minimization form are also used in other applications.

Regularization methods in signal processing and machine learning often

lead to solving a convex optimization problem of the form (2.14). In that

context, f usually represents the convex loss function, for example, L2

loss function, and g is the regularization function (also called penalty

function) in order to achieve some desired properties. Examples are

provided as the following.

Example 2.19 (Lasso regression). The lasso model for sparse linear

regression solves the following quadratic programming problem

minimize
x

‖Ax− b‖2
2 + λ‖x‖1

Here the smooth function f(x) is the L2 norm as the loss function for

the given data points and the non-smooth function g(x) is the l1 norm.

Example 2.20 (Ridge regression). The ridge regression (also known

as Tikhonov regularization) for statistics solves the following quadratic

programming problem

minimize
x

‖Ax− b‖2
2 +‖Γx‖2

2

Ridge regression is the most commonly used method to avoid over-

fitting.

15



Notice that the composite minimization form is not unique. For

example, in (2.16) h(x) and g(x) can some parts between each other,

like the affine part fTx. This will give us the identical solution. The

convex composite minimization form has several advantages. One is

that this form avoids auxiliary variables or Lagrange multipliers when

we write down the KKT conditions. Another advantages, which is the

main advantages, is that convex composite minimization form leads to

a broad family of so called operator splitting methods.

2.5 Operator splitting methods in ODE

Operator Splitting is a class of methods which are commonly used in

solving differential equations and linear or nonlinear systems. The idea

is natural for solving a physical processes: when a system, a reaction-

diffusion equation, for example, contains different parts of terms repre-

senting different physics, one simple idea is solving the different physical

processes individually to simplify the overall process. In this section we

start from an example of operator splitting methods in ordinary differ-

ential equations(ODE), and then extend this idea to a general convex

optimization problem. These are standard results, and can be found in

[34]

Given a initial value problem:
dX
dt

+ (A+B)X = 0, in (0, T ),

X(0) = X0

(2.17)

where A,B are d × d matrices, X0 ∈ Cd is a d-dimensional complex

valued vector, T ∈ (0,+∞) ∪ +∞ is ending time. One example is the

reaction-diffusion system:

∂u

∂t
= D∇2u+R(u) (2.18)

where the system consists of two parts: the diffusion operator D∇2 and

the reaction operator R.
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The symbolic solution of (2.17) is

X(t) = e−(A+B)tX0 (2.19)

From the Lie product formula [40], we know that for arbitrary n × n

complex matrices A and B,

eA+B = lim
n→+∞

(e
A
n e

B
n )n (2.20)

This leads to an approximation solution of the problem (2.17):X
0 = X0

Xn+1 = e−A∆te−B∆tXn, n = 0, 1, 2, ...
(2.21)

where ∆t = T/n is the discretized time step. (2.21) is called Lie’s

scheme. One can achieve first order accuracy using the linear approx-

imation for the exponential map in the Lie scheme. And Lie’s scheme

is exact when the operator A and B are commute. As a simple exten-

sion, the Lie’s scheme for multiple (more than 2) operators is defined as

follows:X
0 = X0

Xn+1 = e−Am∆te−Am−1∆t...e−A1∆tXn, n = 0, 1, 2, ...
(2.22)

One splitting scheme which is widely used in hyperbolic problems is

Strang splitting (also called leapfrog method)[77]:X
0 = X0,

Xn+1 = e−A
∆t
2 e−B∆te−A

∆t
2 Xn, n = 0, 1, 2, ...

(2.23)

The Strang splitting is second order accurate by showing that

e−(A+B)∆t − e−A
∆t
2 e−B∆te−A

∆t
2 = O(∆t3)
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Another important type of splitting scheme is called Alternating direc-

tion implicit (ADI) method. ADI method was introduced by J. Douglas,

D. Peaceman and H. Rachford 60 years ago for solving the elliptic and

parabolic equations such as the heat conduction problem. There are

two kinds of splitting scheme for ADI methods: one the the Peaceman-

Rachford scheme[68], the other is Douglas-Rachford scheme[27]. These

two schemes are important since they lighten two kinds of optimization

methods. So we describe the basic ideas of them below: Recall that the

initial value problem:
dX
dt

+ A(X, t) +B(X, t) = 0, in (0, T ),

X(0) = X0

(2.24)

with an updating formula Q on the time interval [tn, tn+1]

Xn+1 = Q(Xn, tn+1 − tn) (2.25)

The Peaceman-Rachford scheme performs a half step update on one

operator A using backward Euler updating formula and a half step up-

date on the other operator B using forward Euler updating formula on

[tn, tn+ 1
2 ]

Xn+ 1
2 = (1+

∆t

2
A)−1(1− ∆t

2
B)Xn (2.26)

which is essentially solving the equation

Xn+ 1
2 −Xn +

∆t

2
A(Xn+ 1

2 , tn+ 1
2 ) +

∆t

2
B(Xn, tn) = 0 (2.27)

for Xn+ 1
2 . Then it switches the updating role of A and B on the second

half interval [tn+ 1
2 , tn+1]

Xn+1 = (1+
∆t

2
B)−1(1− ∆t

2
A)Xn+ 1

2 (2.28)

which is corresponding to the solution of the following equation

Xn+1 −Xn+ 1
2 +

∆t

2
A(Xn+ 1

2 , tn+ 1
2 ) +

∆t

2
B(Xn+1, tn+1) = 0 (2.29)
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Combining (2.26) and (2.28), we have the full update formulaX
n+1 = Q(Xn,∆t)

Q = (1+ ∆t
2
B)−1(1− ∆t

2
A)(1+ ∆t

2
A)−1(1− ∆t

2
B)Xn

(2.30)

The Douglas-Rachford scheme has similar idea with Peaceman-Rachford

scheme. On the time interval [tn, tn+1], Douglas-Rachford scheme first

performs a full step update on operator A using backward Euler updat-

ing formula and a full step update on B using forward Euler updating

formula

X̂n+1 = (1+ ∆tA)−1(1−∆tB)Xn, (2.31)

which is equivalent with solving the system

X̂n+1 −Xn + ∆tA(X̂n+1, tn+1) + ∆tB(Xn, tn) = 0, (2.32)

then it performs another backward Euler update on B based on X̂n+1

Xn+1 = (1+ ∆tB)−1(Xn −∆tA(X̂n+1)) (2.33)

by solving the system

Xn+1 −Xn + ∆tA(X̂n+1, tn+1) + ∆tB(Xn+1, tn+1) = 0. (2.34)

The full updating formula of Douglas-Rachford scheme is

Xn+1 = (1+ ∆tB)−1[1−∆tA(1+ ∆tA)−1(1−∆tB)]Xn (2.35)

The Peaceman-Rachford scheme is second order accurate when the linear

operators A and B are commute, and is at best first order accurate in

general. The Douglas-Rachford scheme is generically first order accurate

at best, too. We omit the details of the convergence proof and refer [55]

to readers who are interested in it.

19



2.6 Operator splitting methods in Convex optimiza-

tion

In this section we introduce several algorithms in convex optimiza-

tion which share the same formulation with the operator splitting scheme

we mentioned in previous section.

Given a convex optimization problem

minimize
x∈Ω

F (x) (2.36)

One simple algorithm is the subgradient method [8]

xk+1 = xk − γkpk, pk ∈ ∂F (xk), γk > 0 (2.37)

When the subdifferential mapping ∂F (xk) has unique value, the subgra-

dient method reduces to the gradient descent method. The subgradient

method has a wide range of applications since it is easy to understand

and implement, but it has relatively poor performance even with pre-

cise choices on the step-size parameter γk (see [8] for details). One can

rewrite (2.37) as

xk+1 ∈ (1− γk∂F )(xk), γk > 0 (2.38)

The updating formula (2.38) shows that the subgradient method actually

performs a forward Euler step.

Another method which can obtain much stronger convergence is

called the proximal point algorithm[70]

xk+1 = proxγkF (xk)

= argmin
u
{F (u) +

1

2γk

∥∥∥u− xk+1
∥∥∥2

}
(2.39)

where the mapping

proxγf (x) = argmin
u

{f(u) +
1

2γ
‖u− x‖2} (2.40)
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is called proximal mapping [57]. In the optimization context, the param-

eter γ in 2.39 is the step-size parameter: when γ is small, the next trail

point xk+1 is close to the previous choice xk; and xk+1 gets closer to the

minimizer of f(u) as γ becomes larger. The proximal point algorithm

essentially performs a backward euler step (see Appendix for detail), and

it has stronger convergence properties than subgradient descent. This is

consistent with the well known result in ODE. However, in order to get

the next trail point, proximal point algorithm requires computing the

proximal mapping, which is the solution a subproblem, in each iteration.

The subproblem is easy to solve for some functions[64], but as hard as

the original problem in general.

To overcome the difficulty of computing proximal mapping, split-

ting algorithms have been proposed. Instead of computing the proximal

mapping of the whole function F (x), splitting algorithms decompose F

into two parts f and g,

F (x) = f(x) + g(x),

and only evaluate the proximal mapping of f or g or both of them

individually. Here we show two main splitting schemes using in the fol-

lowing chapters. Readers are referred [4] for the theoretical analysis on

the proximal algorithms and operator splitting methods.

Forward-backward splitting(FBS). When the gradient of f is Lip-

schitz continuous, and the proximal mapping of g can be evaluated ef-

ficiently, one can solve the problem (2.14) by alternating the gradient

steps (or the forward step) on f and the proximal mapping steps (or the

backward step) on g, i.e.

xk+1 = proxγg(x
k −∇f(xk), γ > 0. (2.41)

This type of iterative formula has been invented and discussed in differ-

ent fields and contexts, for example, ISTA[21], FISTA[6] and the refer-

ence therein.

FBS is known to converge when the step-size parameter γ is in a
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suitable range. [4] gives the convergence proof when γ ∈ (0, 2/Lf ),

where Lf is the Lipschitz constant of ∇f . The global sublinear conver-

gence rate and its fast variants are provided in [60, 59, 6]. A complete

guide for forward backward splitting can be found in [64], and [35] for

the efficient implementation details.

Douglas-Rachford splitting. The Douglas-Rachford splitting can

also be applied under optimization context[55]. This scheme runs the

proximal mapping steps on both f and g individually,

yk = proxγf (x
k)

zk = proxγg(2y
k − xk)

xk+1 = xk + λk(z
k − yk)

(2.42)

where γ > 0 and the stepsize λk ∈ (0, 2] satisfies[75]

+∞∑
i=1

λk(2− λk) = +∞.

A simple choice is λk = 1 (k = 1, 2, ...). The DRS scheme has been

shown to be eqivualent to a well-known algorithm called alternating

direction method of multipliers (ADMM) on the equality constrained

convex problems

minimize
x

f(x) + g(z)

subject to Ax+Bz = b
(2.43)

The convergence proof is provided in [30, 22, 29].

Remarks.Many the examples of proximal mapping are well-known in

the literature; see, e.g., Vandenberghe [81], Bauschke [3], Bauschke and

Combettes [4], Combettes and Pesquet [20], Zarantonello [85], and Boyd

and Vandenberghe [11]. Many of the results on norms, especially the l1

norm and variants, come from the statistical and machine learning lit-

erature. See, for example, references on the lasso [80], soft thresholding

[26], group lasso [84], sum-of-norms regularization [62], the CAP family

of penalties [86], l1 trend filtering [49], covariance selection [24], sparse

recovery [43], basis pursuit [18], Huber loss [45], singular value thresh-
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olding [15], and sparse graph selection [56]. There is a vast literature

on projection operators and proximal operators for more exotic sets and

functions. For a few representative examples, see, e.g., [5, 74, 69, 58, 39].

We also highlight the paper by Chiercia et al. [19], which explores the

connection between the proximal operator of a function and the projec-

tion onto its epigraph.
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3 MEAN-VARIANCE PORTFOLIO THE-

ORY

In this chapter we review the so-called Mean-variance portfolio the-

ory and give some detail of our portfolio selection problem in both single-

period and multi-period settings. We introduce our transaction cost

model from practical observation and theoretical derivation.

3.1 Single-period mean-variance portfolio optimiza-

tion

We consider a capital market with n risky assets with random rate

of returns. We denote ri as the rate of return of ith assets and r =

[r1, r2, ..., rn]T as the vector of these returns. A portfolio is represented

by the n-dimensional vector u = [u1, u2, ..., un]T where ui is the inventory

(in exact dollar value) of ith asset invected by the investor. The total

return (in dollar) of the portfolio, denoted by ωp, is a linear combination

of the inventories

ωp(u) = r1u1 + r2u2 + ...+ rnun (3.1)

As the measure of risk, we denote σi,j as the covariance between

ri and rj, and Σ the symmetric n × n covariance matrix of the return

vector r

Σ =


σ1,1 σ1,2 ... σ1,n

σ2,1 σ2,2 ... σ2,n

... ... ... ...

σn,1 σn,2 ... σn,n


Notice that σi,i = σ2

i is the variance of ith instrument, and σi,j = σj,i.

All valid covariance matrices are positive semidefinite, i.e. uTΣu ≥ 0 for

all u, which means all the eigenvalues of Σ are non-negative. We denote
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the variance of the portfolio return as

V (u) = uTΣu

and the volatility of the portfolio return as the standard deviation of

portfolio return, which is the square root of the variance

v(u) =
√
V (u) =

√
uTΣu

We let µ = [µ1, µ2, ..., µn]T represent the expected return of assets, where

µi = E(ri) for i = 1, 2, ..., n. Under this setting, the mean-variance port-

folio optimization solves the following quadratic programming problem:

min
u∈Ω

βuTΣu− µTu (3.2)

where β is a Lagrange multiplier controlling the trade-off between the

expected portfolio return and portfolio risk, and Ω ⊂ Rn is the accessi-

ble portfolio sets such that all u ∈ Ω satisfy the constraints imposed by

investor. We mark (3.2) as single-period, multiple instruments mean-

variance portfolio optimization problem since it only use one period

forecasting.

3.2 Trading Cost and transaction cost model

In real trading, a systematic trading system based on the forecast

of asset return works according to the following chart:
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Portfolio Optimization

Send Order

Figure 1: Trading cycle flow chart

The price of an asset at which an order is filled may not be the same

as the price which was used to determine the order, which people usually

call it “looking price”. There is a difference between rT , the asset return

on day T calculated by using the looking price lpriceT and the looking

price of the next day lpriceT+1:

rT = lpriceT+1 − lpriceT

as opposed to the asset return r̃T on day T which calculated using the

average fill price today fpriceT and the looking price of the next day

lpriceT+1:

r̃T = lpriceT+1 − fpriceT

The difference

∆r = fpriceT − lpriceT

which is often called the “transaction cost”, consists of three parts. Re-

call that when a trading system is running, it spends time on several

procedures: sending the price into the system and generating the fore-

cast, optimizing the desired position, placing orders and then waiting

for execution. Therefore the difference ∆r can be represented as the
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following:

∆r = ∆rsystem + ∆ropt + ∆rslippage

where ∆rsystem is the price difference coming from the trading system

construction (sending price and placing order), ∆ropt is price change due

to running the portfolio optimization, and ∆rslippage is the slippage when

the order is being executed. ∆rsystem is usually controled by mechanical

condition like network speed, cables etc. ∆rslippage is modeled as what

we called transaction cost model. ∆ropt can be optimized by a faster

machine, or a faster algorithm, which is the main topic in this chapter.

In this work, we omit the system delay part and focus on constructing

high performance algorithm which can efficiently minimize the time cost

(which is almost equivalent with minimizing the ∆ropt) with a proper

transaction cost model.

We denote T (u, u0) : R2 → R
1 as a scalar valued function of trans-

action cost of a trading with the inventory quantity in dollar amount u0

and the desired position u in dollar amount. One model for the scalar

transaction cost functions is [38, 9]

T (u, u0) = λ1a|u− u0|+ λ2bσ
|u− u0|3/2

V 1/2
+ λ3c(u− u0) (3.3)

where a, b, c, V and σ are real numbers described below, and λ1, λ2, λ3 are

the Lagrange multipliers corresponding to the three terms. The number

a is one half the bid-ask spread for the asset at the beginning of the time

period, the term a|x| is naturally taken into account when the investor

use mid price (the sum of bid and ask divided by two) as the marker

for the accounting of their portfolios. The number is a positive number

with unit inverse dollars. The number c is used to create asymmetry

of transaction costs. When c = 0, the transaction cost is the same for

buying and selling. When c > 0, this model gives lower transaction cost

on selling than buying with same dollar amount. Negative transaction

costs can happen when |c| > |a|. The number V is the trading volume of

the asset in the market during this period in dollar value. The number

σ is the price volatility over recent time periods.
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The model (3.3) and the similar variants are suggested by some

practitioners in the references [54, 36, 7]. However, in this thesis, we use

the following transaction cost model:

T (u, u0) = λ1a|u− u0|+ λ2b(u− u0)2 + λ3c(u− u0) (3.4)

where the first term λ1a|u− u0| and the third term λ3c(u− u0) are the

same as (3.3). The only difference is the quadratic transaction cost term

λ2b(u−u0)2. Here we provide several reasons why we prefer the quadratic

transaction cost. One is for the convenience of computation. Notice

that the objective function (3.2) keeps the quadratic form by adding

transaction cost model (3.4). Then the KKT system (2.17) of this opti-

mization problem is a Linear Complementarity Problem (LCP) and can

be solved in a standard solver, while (3.3) makes the KKT system to a

Non-linear Complementarity Problem (NLCP) which is much harder to

solve. Also the whole problem can be fit into standard quadratic pro-

gram with transaction cost model (3.4). Another reason is interpretation

of the quadratic transaction cost term. Transaction costs are known and

not fully predictable before trade are made. These properties give the

randomness to the transaction costs, i.e. transaction cost is a random

variable at each trading period. Therefore, the quadratic transaction

cost term not only fits the exact value of the transaction cost function,

but also models the variance of the linear transaction cost as a random

variable. Last but not least, the quadratic transaction cost term is de-

rived by the observation of the variance of slippage of asset as time goes

on. Figure 2 plots the variance of the slippage of AAPL from 11:30 a.m.

to 4 p.m. in 2013. The plots shows clearly that the variance of slippage

increases linearly from 11:30 a.m. to 3 p.m., which supports the idea

that transaction cost is a random variable in a not obvious way. We

mention that the similar structures are used in [37, 42, 12, 33]

To summarize the single-period portfolio optimization with trans-

action cost model, we get the desired position of each assets by solving
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Figure 2: The variance of log return of AAPL since 11:30 a.m. in 2013
v.s. time period. x axis is every five seconds from 11:30 a.m. to 4:00
p.m.. y axis is the variance of the logarithm of the ratio of the prices
between every 5 seconds and the price at 11:30 a.m.
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the following quadratic programming problem:

minimize
u∈Ω

βuTΣu− µTu+ λ1a|u− u0|+ λ3(u− u0) + λ2b(u− u0)2

(3.5)

3.3 Multi-period portfolio optimization problem

In this section we format the portfolio optimization problem with the

consideration of multiple periods information. There are several reasons

drive us into multi-period setting. One reason is that transaction cost

dominates the behaviour in multi-period portfolio optimization problem.

One period portfolio optimization, as a kind of greedy strategy, will give

us a desired position which is optimal in the next period. In this case,

trades happen as long as the expected return is profitable enough to

cover the one period transaction cost. But in the multi-period case, the

position which is optimal at the first period may bring the portfolio into

a sub-optimal condition which can never beat the trajectory considering

the overall path and costs. Another reason is that the profit of a portfolio

is not only determined by the trading part, but also affected by the

holding part. That is to say, even though the prediction of expected

return in some periods are not profitable, the portfolio optimizer may

still do some trading so that it will have much more profits as the holding

inventory in the future. These two facts are illustrated in details in the

following example.

Example 3.1 (single-period optimization v.s. multi-period optimiza-

tion). Consider a two periods portfolio optimization problem with the

following setting: the expected return r = [2, 1]T ; the variance estima-

tion σ = [1, 1]T ; the linear transaction cost multiplier τ = [1, 1]T and

the quadratic transaction cost multiplier κ = [1, 1]T . Figure 3 shows

the two trajectories optimized by single-period portfolio optimization

(greedy trajectory) and multi-period portfolio optimization. The blue

line keeps increasing the inventory but the red line increases the inven-

tory to 0.5 and then hold the position at the second trading period. The
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Figure 3: Two trading trajectories, the blue line is optimized by two
steps of single-period portfolio optimization, whereas the red line is op-
timized by one step multi-period portfolio optimization

second trajectory has the lower objective function value comparing to

the blue line which is sub-optimal.

One more practical reason is that the multi-period portfolio opti-

mization can incorporate with some hard constraints on the portfolio.

We list some of them here:

• Getting in or getting out the position. As a new portfolio being set

up or an existing portfolio being liquidated, the transactions can

be achieved without too much impact by imposing the different

constraints on different periods in multi-period portfolio optimiza-

tion.

• Day trading with zero over-night position. Day trading is buying

and selling financial instruments within the same trading day. If

the day traders do not want to have over-night position which leads

to more unexpected risk, they will close all the positions before the
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market closes for the trading day. In this case the optimal trad-

ing trajectory can be handled naturally in multi-period portfolio

optimization by adding the zero position constraint at the final

period.

A multi-period portfolio policy π is a sequence of investment

π = {u1, u2, ..., uT}

=




u1

1

u2
1

...

un1

 ,

u1

2

u2
2

...

un2

 , ...,

u1
T

u2
T

...

unT




(3.6)

where T is the number of trading periods. As the single-period case, we

have to estimate the unknown terms in the objective function values. We

denote X̂τ |t as the estimation of Xτ given all the information up to period

t. For example, the expected return estimator r̂t|t is the estimation made

at time period t of expected return of underlying assets at period t, and

r̂t+1|t is the estimation made at time period t of expected return of

underlying assets at period t, etc.

With the same setting as single-period portfolio optimization, we

derive the objective function of ith period

fi(ui, ui−1) = βiu
T
i Σui − µTi ui + T (ui, ui−1). (3.7)

Here ui is a vector that represents the desired position at ith period

(i = 1, 2, ..., T ). It also represents the inventory of each asset at the start

of (i+1)th period (i = 1, 2, ..., T−1). The vector µi is the expected return

estimator at ith period, and T (ui, ui−1) is a vector valued function gives

the transaction cost estimation given the inventory ui and the desired

position ui+1.

A natural objective function is the summation of all the individual
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period objective functions over the horizon

F (u) =
T∑
i=1

fi(ui, ui−1)

=
T∑
i=1

(βiu
T
i Σiui − µTi ui + T (ui, ui−1))

(3.8)

With this objective function, we can get an optimal portfolio trajectory

by solving the quadratic program

minimize
u

F (u) =
T∑
i=1

(βiu
T
i Σiui − µ̃iTui + τTi |ui − ui−1|

+(ui − ui−1)TDκi(ui − ui−1))

(3.9)

where µ̃i = µi − λi3ci is transaction cost adjusted return at ith period,

τi = λi1a
i is the vector that represents the Lagrange multiplier with half

bid-ask spread for each asset at ith period, Dκi is a diagonal matrix

whose diagonal elements are the Lagrange multipliers of the quadratic

transaction cost term for each asset.

3.4 Portfolio constraints

There are many constraints on a long-time running portfolio. Some

of them aim to decrease the potential portfolio risk, some of them act in

order to reduce the transaction cost, and some of them are hard liability

constraints which cannot be violate due to the compliance requirement.

Here we list some common portfolio constraints, and integrate them in

to a generic set of constraints including position bound and trade bound.

One common constraint is long only constraint. This constraint

require that the position of each asset can only be zero or positive, i.e.

uji ≥ 0 for all i, j

Notice that the long only constraint does not mean ”buying only”. One

can still sell the assets as long as the quantity of asset after trading
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is positive. Long only constraints can be interpreted as position lower

bounds with zero quantities. Let poslbji be the position lower bound for

jth instrument at ith time period, we have

uji ≥ poslbji

poslbji = 0

Market cap constraint is a holding constraint that allow the investor

limit any asset in their portfolios beyond a portion of the total market

capitalization of this asset. To convert this constraint to our position

bound notation, let Ci
j be the market cap of jth asset at ith period, then

we have

poslbji ≤ uji ≤ posubji

poslbji = −δjiC
j
i

posubji = δjiC
j
i

where δij > 0 is a fixed number determined by the investor as the desired

portion of the total market cap of jth asset at ith period.

Another practical holding constraint is concentration constraint.

The concentration constraint is a dollar amount limit, which is usually

calculated by a fixed fraction of the total dollar value of the portfolio,

that investor prevents potential risk of the whole portfolio from holding

one asset to much. Let Bi be the total dollar value of the portfolio (also

called book size) at ith period, we have

poslbji ≤ uji ≤ posubji

poslbji = −Bi

posubji = Bi
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Trading constraints restrict the choice of trades ui−ui−1. Two kinds

of trading constraints are considered here, one is no-buy constraint

uji − u
j
i−1 ≤ trdubji

trdubji = 0

where trdubji is the trading upper bound of jth asset at ith period.

Similarly, we have the no-sell constraint

uji − u
j
i−1 ≥ trdlbji

trdlbji = 0

and no-trade constraint

trdlbji ≤ uji − u
j
i−1 ≤ trdubji

trdlbji = 0

trdubji = 0

where trdlbji is the trading lower bound of jth asset at ith period. We

mention that the no-trade constraint is equivalent with the following

equality constraint

uji = uji−1

Another trading constraint is participation rate constraint. This con-

straint is a natural constraint since an investor cannot buy or sell more

than the volume provided on the market. The investor may have much

lower participation rate in order to limit the transaction cost of the

whole portfolio in an acceptable range. Let V i
j be the dollar volume of

jth asset traded at ith period, then the participation rate constraint can

be written as

trdlbji ≤ uji − u
j
i−1 ≤ trdubji

trdlbji = −δjiV
j
i

trdubji = δjiV
j
i
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Notice that the trading volume V i
j are unknown when the trading deci-

sion is made. Practitioners usually estimate it from the historical trading

data.

Each holding constraint (or trading constraint) gives a lower bound

and an upper bound of the desired holding quantity uji (or the desired

trading quantity uji − uji−1). We can reduce the number of inequality

constraint by taking the highest value of lower bounds and the lowest

value of upper bounds since other bounds cannot act in any sense. After

the reducing procedure, we have a set of final constraintposlb
j
i ≤ uji ≤ posubji

trdlbji ≤ uji − u
j
i−1 ≤ trdubji

(3.10)

Finally we can align the objective function and the constraints together

as the target portfolio optimization problem

minimize
u1,u2,...,uT

T∑
i=1

(βiu
T
i Σiui − rTi ui + τTi |ui − ui−1|

+(ui − ui−1)TDκi(ui − ui−1))

subject to poslbi ≤ ui ≤ posubi, i = 1, 2, ..., T

trdlbi ≤ ui ≤ trdubi, i = 1, 2, ..., T

(3.11)

where poslbi, posubi, trdlbi, trdubi are vector valued function whose en-

tries are poslbji , posub
j
i , trdlb

j
i , trdub

j
i , j = 1, 2, .... (3.11) is the funda-

mental problem in this thesis and we will discuss the several variants

from this problem.

3.5 The standard quadratic programming (QP) so-

lution

In this section we discuss the standard quadratic programming method

for the problem (3.11). It is easy to see the objective function in (3.11)

is convex: The objective function in each period consists of four parts:

two quadratic parts, one affine parts, and one absolute form part. Since
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all the three kinds of parts are convex, the objective function in each

period (which is the sum of these part) is convex. So as the summation

of the objective functions for all the periods. In order to fit the problem

(3.11) into a standard quadratic programming form, we need a splitting

of the variable ui called buy-sell splitting :

ui − ui−1 = bi − si
bi ≥ 0

si ≤ 0

(3.12)

Here we split each trade ui−ui−1 into two non-negative part: buying part

and selling part. An equivalent way to understand this splitting is that

we take the dual of the original problem. The buy-sell splitting has a

complementarity property when the objective function has non-negative

transaction cost term

bTi si = 0 (3.13)

With the buy-sell splitting, we can rewrite the problem (3.11) as (see

Appendix A for details)

minimize
b,s

1

2

[
b s

] I I

−I I

LTDσL 0

0 2Dκ

I −I
I I

b
s

+ gT

b
s


subject to b ≥ 0

s ≥ 0

b ≤ trdub

s ≤ trdlb

L(b− s) ≤ posub− e⊗ u0

L(b− s) ≥ poslb− e⊗ u0
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4 AN ALGORITHM FOR PORTFOLIO

SELECTION

In this chapter, we develop a dynamic programming algorithm solv-

ing one instrument multi-period portfolio optimization problem with

proposed transaction cost model and bound constraints. We show the

problem satisfy the Pontryagin’s maximum principle, so that it is pos-

sible to solve this problem by dynamic programming method. We show

the optimal trajectory is a piece-wise linear function for each stage. An

extension to two instruments case is proposed with numerical experi-

ments. Recall that the multi-period mean-variance portfolio selection

problem is

minimize
ui

T∑
i=1

(uTi C
2
i ui − rTui)

For the one instrument case, the covariance matrix reduces to a scalar

representing the variance of the underlying instrument. Adding the

transaction cost model and bound constraints, we get the one instrument

multi-period portfolio optimization problem:

minimize
u

T∑
i=1

(
1

2
σiu

2
i − riui + τi|ui − ui−1|+ κi(ui − ui−1)2)

subject to poslbi ≤ ui ≤ posubi, i = 1, 2, ..., T

trdlbi ≤ ui − ui−1 ≤ trdubi, i = 1, 2, ..., T

(4.1)

Here T is the terminal time, u = [u1, u2, ..., uT ]T is a T dimensional vec-

tor where each entry ui represents the inventory of the underlying asset

at time period i, σi is the variance estimator of the asset, ri is the return

estimator, τi and κi are the multipliers for porportional transaction cost

and quadratic transaction cost term, poslbi and posubi are the position

bound constrains where poslb ≤ posub, trdlbi and trdubi are the trade

bound constraints where trdlb ≤ trdub.
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4.1 The Pontryagin’s maximum principle

In this section we introduce the Pontryagin’s maximum principle

and show that the problem (4.1) satisfy the principle.

We follow the notation on [31] .Consider a dynamic systemẋ(t) = f(x(t), α(t)) (0 ≤ t ≤ T )

x(0) = x0

(4.2)

where x(t) ∈ Rn is a time dependent variable at time t, ẋ(t) is the change

of x(t) (or the derivative for the continuous time case) at time t, and α(t)

is the control on x at time t. Let A ⊂ Rm and f : Rn×A→ R
n,x0 ∈ Rn.

Therefore the set of admissible controls is defined as

A = {α(·) :→ A|α(·) is measurable}

and the payoff functional:

P [α(·)] =

∫ T

0

r(x(t), α(t))dt+ g(x(T )) (4.3)

where the terminal time T > 0, running payoff funtional r : Rn×A→ R

and terminal payoff g : Rn → R are given. Then a basic problem is to

find a control α∗(·) maximizing the payoff functional, i.e.

P [α(·)] = max
α(·)∈A

P [α(·)] (4.4)

By defining an appropriate Hamiltonian of the problem (4.4)

H(x, p, a) = f(x, a) · p+ r(x, a) (x, p ∈ Rn, a ∈ A), (4.5)

the Pontryagin’s Maximum Principle asserts that there exists a func-

tion p∗(·), which together with the optimal trajectory x∗(·), satisfies an

analog of the dynamic system (4.2). We state it formally below:

Theorem 4.1 (Pontryagin’s Maximum Principle.). Assume that α∗ is

optimal for the dynamic system (4.2) and (4.4), and x∗(·) is the corre-
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sponding trajectory. Then there exists a function p∗ : [0, T ]→ Rn such

that
ẋ∗(t) = ∇pH(x∗(t), p∗(t)α∗(t)),

ṗ∗(t) = −∇xH(x∗(t), p∗(t)α∗(t)),

and

H(x∗(t), p∗(t), α∗(t)) = max
a∈A

H(x∗(t), p∗(t), a) (0 ≤ t ≤ T ).

In addition, the mapping

t 7→ H(x∗(t), p∗(t), α∗(t))

is constant. The terminal condition is

p∗(T ) = ∇g(x∗(T )).

In order to apply the maximum principle on the portfolio optimiza-

tion problem, we first convert (4.1) into a dynamic system.

let T be the terminal time, w(t) the cash holding at time period t,

u(t) the amount of asset holding at time period t, α(t) amount of buy-

ing (or selling) asset at time period t, r(t) the estimation of log return

(or the rate of return) of asset over time period t and Tcost the total

transaction cost (including proportional transaction cost and quadratic

transaction cost) estimation over time period t. On each time period,

we also have the constraints on the control (trading) variable α(t):

poslbt − u(t− 1) ≤α(t) ≤ posubt − u(t− 1)

trdlbt ≤α(t) ≤ trdubt

Here a positive α(t) means buying the asset, a negative α(t) means

selling the asset and α(t) = 0 means holding the position over time

period t.

In order to minimize the objective function in (4.1), we can define

the payoff functional as the negative value of (4.1) with the new variable
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setting:

P [α(·)] =
T∑
t=1

[w(t) + r(t)u(t)− 1

2
σ(t)2u(t)2] (4.6)

where σ(t)2 is the variance estimator of asset at time period t. And the

evolution is u̇(t) = u(t)− u(t− 1) = α(t)

ẇ(t) = α(t)− Tcost(α(t))
(4.7)

Now we are ready to show how Pontryagin’s Maximum Principle can be

applied on the portfolio optimization problem.

The Hamiltonian of this evolution is

H(x, p, t, a) = p1a+p2(a−Tcost(a))+[w(t)+r(t)u(t)−1

2
σ(t)2u(t)2] (4.8)

Then the adjoint dynamics isṗ
1(t) = σ(t)2u(t)− r(t)

ṗ2(t) = −1
(4.9)

Since the terminal time condition here is g(x(T )) = 0, we havep
1(T ) = 0

p2(T ) = 0
(4.10)

Therefore the costate [p1, p2]T isp
1(t) = −

∑T
s=t+1[σ(s)2u(s)− r(s)]

p2(t) = T − t
(4.11)

And the maximum principle tells us

H(x(t), p(t), t, α(t)) = max
a∈A

p1a+ p2(a− Tcost(a)) + [w(t)

+r(t)u(t)− 1

2
σ(t)2u(t)2]

(4.12)
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with the costate (4.11).

4.2 The dynamic programming algorithm

In this section we describe the practical details of the algorithm.

Recall that the idea of dynamic programming is breaking the whole

optimization problem into several sub-problems and then recursively

finding the optimal solutions to the sub-problems. We first show a way

to break the one instrument portfolio optimization problem into sev-

eral sub-problem. Then using the memoization technique, we solve the

problem by construct a optimal solution mapping.

4.2.1 Sub-problem formulation

Using the indicator function, we can write the original problem (4.1)

as

minimize
u

F (u) =
n∑
i=1

(
1

2
σiu

2
i − riui + τi|ui − ui−1|

+κi(ui − ui−1)2 + Ii(ui))
(4.13)

where the indicator function Ii indicates the constraints at ith time

period:

Ii(ui) =


0,

if poslbi ≤ ui ≤ posubi

and tradlbi ≤ ui − ui−1 ≤ trdubi,

+∞, otherwise

Let Gũ1,ũ2,...,ũi(u) be the minimum objective function value F (u) when

the inventories of first i periods have been assigned to ũ1, ũ2, ..., ũi, i.e.

Gũ1,ũ2,...,ũi(u) = inf
ui+1,ui+2,...,un

{F (u)|u1 = ũ1, u2 = ũ2, ..., ui = ũi} (4.14)
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and the corresponding optimal solution vector [ũ∗i+1, ũ
∗
i+2, ..., ũ

∗
n]T is

[ũ∗i+1, ũ
∗
i+2, ..., ũ

∗
n]T = argmin

ui+1,ui+2,...,un

{F (u)|u1 = ũ1, u2 = ũ2, ..., ui = ũi}

(4.15)

Note that changing the value of ũ1, ũ2, ..., ũi−1 does not change the opti-

mal point (4.15) since changing the constant does not change the solution

of convex optimization problem. But changing the value of ũi leads to a

different optimal point because ũi is embedded in the proportional cost

|ui − ũi−1| and the quadratic transaction cost (ui − ũi−1)2. Since σi > 0

for i = 1, 2, ..., n and the convex optimization problem is feasible, it has

one and only one optimal point for different value of ũi, which means ũi

characterize the optimal trajectory of time period i+1, i+2, ..., n. Thus

there is a series of functions Hi(ui) which gives the optimal inventory in

the future given the inventory of time period i, i.e.

Hi(ui) = argmin
ui+1,ui+2,...,un

n∑
k=i+1

(
1

2
σku

2
k−rkuk + τk|uk − uk−1|

+ κk(uk − uk−1)2 + Ik(uk))
(4.16)

We can write down (4.16) as a recursive form

Hi(ui) = argmin
ui+1,ui+2,...,un

n∑
k=i+1

(
1

2
σku

2
k − rkuk + τk|uk − uk−1|

+ κk(uk − uk−1)2 + Ik(uk))

=argmin
ui+1

argmin
ui+2,...,un

n∑
k=i+1

(
1

2
σku

2
k − rkuk + τk|uk − uk−1|

+ κk(uk − uk−1)2 + Ik(uk))

=argmin
ui+1

Hi+1(ui+1)

(4.17)

Now it is clear that Hi+1(ui+1) is a sub-problem of Hi(ui) and by solving

all the sub-problems we can get the optimal trajectory at current time

period i.
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4.2.2 Memoization for optimal condition

Dynamic programming is a powerful technique to break a complex

problem into small pieces; however, it does not save the computation.

In fact, the computational complexity of dynamic programming is expo-

nential without memoization technique. Here we discuss in detail that

how to apply the memoization technique in this optimization problem.

Follow the notation of (4.13), we can write down the subderivative

of f against ui as follows

∂F

∂ui
=



σiui − ri + τisign(ui − ui−1) + 2κi(ui − ui−1) + I ′i(ui)

−τi+1sign(ui+1 − ui)− 2κi+1(ui+1 − ui)− I ′i+1(ui+1),

1 ≤ i < n,

σnun − rn + τnsign(un − un−1) + 2κn(un − un−1) + I ′n(un),

i = n,

(4.18)

where sign(x) is the sign function. The subderivative shows a chain

relationship among the inventory of (i − 1)th, ith and (i + 1)th time

period. With this subderivative, we get an alternative representation of

the optimal condition for problem (4.13)

0 ∈ ∂F

∂ui
(4.19)

This suggests the following system

τisign(ui − ui−1) + 2κi(ui − ui−1) + I ′i(ui) =

ri − σiui + τi+1sign(ui+1 − ui) + 2κi+1(ui+1 − ui) + I ′i+1(ui+1),

1 ≤ i < n,

τnsign(un − un−1) + 2κn(un − un−1) = rn − σnun + I ′n(un),

i = n,

(4.20)
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For the convenience of the following analysis, we denote ∇Fleft(ui−1, ui)

be the left side of (4.20)

∇Fleft(ui−1, ui) = τisign(ui − ui−1) + 2κi(ui − ui−1) + I ′i(ui), (4.21)

and ∇Fright(ui, ui+1) the right side

∇Fright(ui, ui+1) =



ri − σiui + τi+1sign(ui+1 − ui)

+2κi+1(ui+1 − ui) + I ′i+1(ui+1)

1 ≤ i < n,

rn − σnun, i = n

(4.22)

Instead of solving the symbolic system (4.20), one can solve this sys-

tem numerically by tracking the function value of ∇Fleft(ui−1, ui) and

∇Fright(ui, ui+1): Given the value of ui−1, ∇Fleft(ui−1, ui) is a piece-wise

linear increasing function of ui (notice that the ”slope” σi, τi and κi

are non-negative ).Similarly we have ∇Fright(ui, ui+1) is a piece-wise lin-

ear decreasing function of ui given the value of ui+1. Thus we have

two function value graphs (∇Fleft(ui−1, ui),ui) and (∇Fright(ui, ui+1),ui)

for the same variable ui. Then the intersection point between these

two graphs indicates a solution tuple (ui−1, u
∗
i , ui+1), where u∗i is the

”x” value of the intersection point on the graph which is also the op-

timal value of ui given ui−1 and ui+1. Figure shows an example of the

graph (∇Fleft(ui−1, ui),ui) and (∇Fright(ui, ui+1),ui), and how they inter-

sect each other.

One important property of this graph with intersection is that the

two graph (∇Fleft(ui−1, ui),ui) and (∇Fright(ui, ui+1) have exact one in-

tersection point if σi > 0 and κi > 0 for i = 1, 2, ..., n. To see this,

suppose we have two lines f(x) = ax + b and g(x) = cx + d, the inter-

section point is (d−b
a−c ,

ad−bc
a−c ), the intersection is unique as long as a 6= c.

Notice that the slope of ∇Fleft(ui−1, ui) is always positive (can be +∞)

when κi > 0, and the slope of ∇Fright(ui, ui+1) is always negative when

σi + κi+1 > 0, therefore we have exact one solution of ui since the slope
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Figure 4: Finding the intersection between two piece-wise linear func-
tions ∇Fright(ui, ui+1) and ∇Fleft(ui−1, ui)

of two functions cannot be the same in any cases. Also, the ”x” value of

intersection point, which can be treated as a function of ui−1 and ui+1, is

a linear against ui−1 and u− i+ 1 since the ”x” value of the intersection

point of two lines is a linear function of the intercepts of these two lines.

Figure 4 shows this property visually.

Saving all the solutions for different scheme is not possible in gen-

eral. But the piece-wise linearity of the two graph immediately leads

to a way to memorize all the intersections: one can save the break-

points of each segments of the whole piece-wise linear function, then

all the solutions located in each line segment can be re-constructed by

the corresponding breakpoints (see figure for example). Since the graph

(∇Fleft(ui−1, ui),ui) has 4 line segments in general, the number of break-

points will increase at most 4 after the process and will be used in

the next process. So we call this process the ”merge” process as we

”merge” the breakpoints of the graph (∇Fleft(ui−1, ui),ui) to the graph

(∇Fright(ui, ui+1),ui).
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4.3 Practical implementation

In this section we describe the implementation for the algorithm,

the overall complexity is showed at the end of this section. Throughout

this section, we denote x(i) be the ith entry of vector x.

We start from the last period. From the system (4.20) we know

∇Fright(un) = rn − σnun + I ′n(un) (4.23)

Let wn = [poslbn, posubn]T , then the function value ∇Fright is fully char-

acterized by [rn − σnwn(1), rn − σnwn(2)]T . Similarly we define a vec-

tor v = [trdlbn, 0, 0, trdubn]T , then we know the corresponding function

value of ∇Fleft is [−τn + 2κntrdlbn,−τn, τn, τn + 2κntrdubn]T . The range

of ∇Fleft and ∇Fright usually are not the same. Therefore for the con-

venience of the computation, we add the entries to one whose range is

smaller than the other one at both the top and the bottom of the graph.

For example, in figure the range of ∇Fright is smaller than ∇Fleft so we

add two points (poslbn, τn + 2κntrdubn) and (posubn,−τn + 2κntrdlbn)

to the graph (∇Fright(un),ui).

The next step is running the merge process. We start from the

highest value of ∇Fleft(un) and ∇Fright(un), align each breakpoint of two

graphs in the descending order. The optimal solution tuple (un−1, u
∗
n)

are computed at the breakpoint. Figure shows the entire procedure in

detail.

After the merge procedure, we have a mapping An : un−1 → u∗n tells

us given the inventory un−1 which un is optimal. Then we shift the stage

one period back to n−1. At the new stage we use u∗n from the last stage

construct the graph ∇Fright(un−1) and run the merge process again until

we have the first mapping A1 : u0 → u1. Since the initial inventory u0

is given, we recursively apply the mappings A1, A2, ..., An to u0 in order

to recover the optimal trajectory u1, u2, ..., un.
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4.4 Complexity analysis

Algorithm 1 shows the whole procedure of the dynamic program-

ming method described in the previous sections. The algorithm contains

the optimal mapping generating part and the optimal trajectory recov-

ery part. For the optimal mapping generating part, there is a sub-loop

of 6× n+ 2 FLOPs (notice that each loop the number breakpoints will

increase 6) contained in the main loop of length n. So the complexity

of finding the optimal mapping is O(n× (6× n+ 2)) ∼ O(n2). For the

optimal trajectory recovery part, we perform an O(n) or O(log n) on

searching on a sorted array in each time period. Thus the total time

complexity is O(n2).

4.5 Numerical Experiment

We use the New York Stock Exchange (NYSE) Historical Trades &

Quotes (TAQ) database as the source of test set. We use AAPL as the

test instrument. The test problems various from 1-min trading to daily

trading. We setup the other parameters and estimators as the follow-

ing: The risk estimator is estimated by the variance of the log returns in

previous 100 trading periods, i.e. the variance of 1 minute log return in

the past 100 minutes for 1 minute trading, or the variance of 5 minutes

log return in the past 500 minutes for 5 minutes trading.

Environment system The experiment system is 8x Intel(R) Core(TM)

i7-6700K CPU @ 4.00GHz, 16GB DDR4 memory. All the tests are run

in MATLAB 2018a.

Execution time test. We compare the execution time of the portfo-

lio optimization problem (4.1) using Algorithm 1 against 2 benchmarks.

The first one is quadprog function in MATLAB. It is a well implemented,

high performance solver for quadratic objective functions with linear

constraints. The quadprog solver uses interior point method solving the

inequality constrained quadratic programming problem. Therefore we

also refer it as an implementation of interior point method solver. The
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Algorithm 2 find optimal portfolio path u

Require: σ, r, τ, κ, poslb, posub, trdlb, trdub, u0, n;
Ensure: u;
∇Fright ← [0; 0];

2: wn = [poslbn; posubn];
k ← n;

4: A← [ ];
% construct optimal mapping A

6: while k > 1 do
∇F new

right = [ ]; w0 = [ ]; w1 = [ ];
8: ∇Fright ← rk − σk ∗ wn +∇Fright;

∇Fleft ← [τ + 2 ∗ κ ∗ trdubi; τ ;−τ ;−τ + 2 ∗ κ ∗ trdlbi];
10: while ∇Fright and ∇Fleft are not empty do

if ∇Fright(end) ≤ ∇Fleft(end) then
12: append ∇Fright(end) into ∇F new

left ;
compute the corresponding solution pair (ui−1, ui) in (4.20);

14: append the solution pair into w0 and w1;
∇Fright ← ∇Fright(1 : end− 1);

16: else {∇Fleft(end) > ∇Fright(end),}
append ∇Fleft(end) into ∇F new

right;
18: compute the corresponding pair (ui−1, ui) in (4.20);

append the solution pair into w0 and w1;
20: ∇Fleft ← ∇Fleft(1 : end− 1);

end if
22: end while

Ak ← [w0, w1];
24: append Ak into A;

∇Fright ← ∇F new
right;

26: k ← k − 1;
end while

28: % generate portfolio path
for k = 1 : n do

30: given inventory uk−1 and piece-wise linear mapping Ak, find opti-
mal position u∗k;
uk ← u∗k;

32: end for
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Figure 5: The relative error plot of the objective function value of 1-
minute based portfolio optimization problem with for AAPL quote data
in Januay 2017.

other one is a high performance commercial softwares: MOSEK[1]. It

has promised performance in finance. The quadratic programming prob-

lem is treated as conic programming problem in MOSEK. Thus we also

refer it as an implementation of conic programming method solver.

We choose trading systems in 2 different resolutions: 1-minute

system and 5-minute system. In order to cover the whole trading day,

the corresponding forecasting periods are 390 periods and 78 periods.

We use the quotes data of AAPL in January 2017. This one month

data contains 8190 1-minute trading cycles and 1638 5-minute trading

cycles. Figure 6 shows the boxplot of execution time for computing

the desired position of 1-minute trading system. The median execu-

tion time of dynamic programming algorithm, quadprog and mosek are

0.0047 seconds, 0.0643 seconds and 0.0167 seconds, respectively. Notice

that the dynamic programming algorithm is almost 15 times faster than

quadprog and 4 times faster than mosek. We mention that the our algo-
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Figure 6: The boxplot of execution time of 1-minute based portfolio
optimization problem with for AAPL quote data in Januay 2017.

rithm has potentially higher performance advantage since the routines of

quadprog solver and mosek solver are implemented in high performance

language (like C or mex-file), but our algorithm only uses MATLAB

language. Figure 8 shows the execution time for 5-minute system. The

median execution time of dynamic programming algorithm, quadprog

and mosek are 0.0011 seconds, 0.0041 seconds and 0.0031 seconds, re-

spectively.

Beside the median execution time advantage, of our dynamic pro-

gramming algorithm is also more stable than quadprog solver and mosek

solver. The range of the boxplot of our algorithm is much thinner than

the quadprog solver, which has the widest execution time range, and the

mosek solver. In fact, in 1-minute system test, the variances of three

solvers are 2.2e-7, 8.4e-5 and 1.9e-6, and in the 5-minute system test the

variances are 2.1e-8, 2.1e-7 and 1.6e-7.
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Figure 7: The relative error plot of the objective function value of 5-
minute based portfolio optimization problem with for AAPL quote data
in Januay 2017.
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Figure 8: The boxplot of execution time of 5-minute based portfolio
optimization problem with for AAPL quote data in Januay 2017.
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5 ALGORITHM FOR MULTI-INSTRUMENT

PORTFOLIO SELECTION

In this chapter we discuss the algorithms that extends the dynamic

programming idea of portfolio optimization problem to higher dimension

cases. We start from a direct extension in two dimension case with

an explanation of the difficulty of extending the idea into even higher

dimension (higher than 2). Then we show an operator splitting scheme

called trading holding splitting that allow us successfully extending the

dynamic programming algorithm into higher dimension as an iterative

solver.

5.1 An extension to two instruments case

In this section we discuss the possible extensions of the dynamic

programming algorithm above, and show why it is hard to extend this

algorithm to higher dimension.

For the simplicity of notation, we assume in the two instrument

case, the risk multiplier βi is 1 for all the periods. We also assume the

covaraince estimation Σi keeps the same over the period

Σi =

σ11 σ12

σ21 σ22

 .
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Then the two instrument multi-period portfolio optimization problem is

minimize
u1,u2,...,un

n∑
i=1

(
1

2

u1
i

u2
i

T σ11 σ12

σ21 σ22

u1
i

u2
i

−
r1

i

r2
i

T u1
i

u2
i


+

τ 1
i

τ 2
i

T ∣∣u1
i − u1

i−1

∣∣∣∣u2
i − u2

i−1

∣∣
+

u1
i

u2
i

T κ1
i 0

0 κ2
i

u1
i

u2
i


subject to poslb1

i ≤ u1
i ≤ posub1

i , i = 1, 2, ..., n

poslb2
i ≤ u2

i ≤ posub2
i , i = 1, 2, ..., n

trdlb1
i ≤ u1

i − u1
i−1 ≤ trdub1

i , i = 1, 2, ..., n

trdlb2
i ≤ u2

i − u2
i−1 ≤ trdub1

i , i = 1, 2, ..., n

(5.1)

We can write down the sub-derivative of the objective function with

respect to each instrument:

∂F

∂u1
i

=



σ11u
1
i + σ12u

2
i − r1

i + τ 1
i sign(u1

i − u1
i−1) + 2κ1

i (u
1
i − u1

i−1)

+Ii(u1
i )− τ 1

i+1sign(u1
i+1 − u1

i )− 2κ1
i+1(u1

i+1 − u1
i )

1 ≤ i < n,

σ11u
1
n + σ12u

2
n − r1

n + τ 1
nsign(u1

n − u1
n−1) + 2κ1

n(u1
n − u1

n−1)

+In(u1
n)

i = n

∂F

∂u2
i

=



σ21u
1
i + σ22u

2
i − r2

i + τ 2
i sign(u2

i − u2
i−1) + 2κ2

i (u
2
i − u2

i−1)

+Ii(u2
i )− τ 2

i+1sign(u2
i+1 − u2

i )− 2κ2
i+1(u2

i+1 − u2
i )

1 ≤ i < n,

σ21u
1
n + σ22u

2
n − r2

n + τ 2
nsign(u2

n − u2
n−1) + 2κ2

n(u2
n − u2

n−1)

+In(u2
n)

i = n

(5.2)

Comparing the sub-derivative (5.2) with single instrument case (4.18),

one can see that the only difference is the risk adjusted return terms

σ12u
2
i and σ21u

1
i . In other words, given a position of u2

i , the subderivative

∂F/∂u1
i is as same as the one instrument case with an adjusted return
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(r1
i −σ12u

2
i ). Also given a position of u1

i , the subderivative ∂F/∂u2
i is as

same as the one instrument case with an adjusted return (r2
i − σ21u

1
i ).

Therefore the sub-derivative for each instrument has a symmetry, which

allow us to discuss only one of them without loss of generality.

To illustrate this process clearly, we focus on the first instrument u1

in the following. The optimal condition for u1 in this problem is

0 ∈ σ11u
1
i + σ12u

2
i − r1

i + τ 1
i sign(u1

i − u1
i−1) + 2κ1

i (u
1
i − u1

i−1)

+I ′i(u1
i )− τ 1

i+1sign(u1
i+1 − u1

i )− 2κ1
i+1(u1

i+1 − u1
i )

1 ≤ i < n,

0 ∈ σ11u
1
n + σ12u

2
n − r1

n + τ 1
nsign(u1

n − u1
n−1) + 2κ1

n(u1
n − u1

n−1)

+I ′n(u1
n)

i = n

(5.3)

The equation (5.3) typically means there is a series of values u1
i =

[u1
1, u

1
2, ..., u

1
n]T satisfy the equation

τ 1
i sign(u1

i − u1
i−1) + 2κ1

i (u
1
i − u1

i−1) = r1
i − σ12u

2
i − σ11u

1
i

−τ 1
i+1sign(u1

i+1 − u1
i )− 2κ1

i+1(u1
i+1 − u1

i ) + I ′i(u1
i )

1 ≤ i < n,

τ 1
nsign(u1

n − u1
n−1) + 2κ1

n(u1
n − u1

n−1) =

r1
n − σ11u

1
n − σ12u

2
n + I ′n(u1

n)

i = n

(5.4)

Similarly with what we have shown in one instrument case, we define a

function Fleft(u
1
i−1, u

1
i , u

2
i ) as

∇Fleft(u
1
i−1, u

1
i , u

2
i ) = τ 1

i sign(u1
i − u1

i−1) + 2κ1
i (u

1
i − u1

i−1) + I ′i(u1
i ), (5.5)
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Figure 9: function value plot of Fleft(u
1
i−1, u

1
i , u

2
i ) against u1

i and u2
i with-

out the indicator function I ′i(u1
i ), parameters are set as τ 1

i = 1, u1
i−1 =

0, κ1
i = 1

and ∇Fright(u
1
i , u

1
i+1, u

2
i )

∇Fright(u
1
i , u

1
i+1, u

2
i ) =



r1
i − σ11u

1
i − σ12u

2
i + τ 1

i+1sign(u1
i+1 − u1

i )

+2κ1
i+1(u1

i+1 − u1
i ) + I ′i+1(u1

i+1)

1 ≤ i < n,

r1
n − σ11u

1
n − σ12u

2
n, i = n

(5.6)

As same as the one instrument case, the aim is matching the value of

Fleft(u
1
i−1, u

1
i , u

2
i ) and ∇Fright(u

1
i , u

1
i+1, u

2
i ). Notice that u2

i does not affect

the value of Fleft(u
1
i−1, u

1
i , u

2
i ) since it does not have any terms related

to u2
i . This means the projection of Fleft(u

1
i−1, u

1
i , u

2
i ) on the (Fleft, u

1
i )

plane has exact the same shape as (5.5). Figure 9 gives an example of

the shape of Fleft(u
1
i−1, u

1
i , u

2
i ) when τ 1

i = 1, u1
i−1 = 0, κ1

i = 1 and. The

right hand side ∇Fright(u
1
i , u

1
i+1, u

2
i ) also has similar shape with one in-
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Figure 10: The function value plot of ∇Fright(u
1
i , u

1
i+1, u

2
i ) (i < n) with-

out the indicator function I ′i+1(u1
i+1), given that u1

i+1 = 0, r1
i , σ11 =

1, σ12 = 1, τ 1
i+1 = 1, κ1

i = 1

strument case except the linear adjustment part σ12u
2
i . Figure 10 gives

a simple example plot of ∇Fright(u
1
i , u

1
i+1, u

2
i ) with respect to u1

i and u2
i

when i < n.

Finding the intersection of two 3-D shapes are not trivial in general.

However, with the help of piece-wise linearity, we can find the intersec-

tion and perform the merge process by running two merge processes

at two different values of u2
i . Then all the other merge processes can

be characterized by these two processes. In practical, we compute two

merge process with u2
i = poslb2

i and u2
i = posub2

i since all the possible

values taken by u2
i are in the interval [poslb2

i , posub
2
i ]. With these two

merge processes (breakpoint mapping in practical), we can interpolate

all the merge processes with any permissible value of u2
i . Thus we can

save all the possible optimal solution of u1
i (u

2
i ) given any value of u2

i (u
1
i )

by running two merge process, so the total number of merge process

running by the algorithm are four.
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Running the merge process in two dimension case can give us an

optimal solution mapping

A1
i (u

1
i−1, u

2
i ) = (u1

i )
∗

A2
i (u

2
i−1, u

1
i ) = (u2

i )
∗

One can get the optimal solution pair ((u1
i )
∗, (u2

i )
∗) by combining two

optimal mapping A1
i and A2

i . We discuss the detail of this process in the

following. We still focus on the first instrument u1
i since process works

as same as u2
i . The first is the recovery of the shape of A1

i . (5.4) shows

that with the perturbation of u2
i , i.e. from u2

i to u2
i + δ, the optimal

value (u1
i )
∗ moves with the value σ12δ

2κ1
i

when κ1
i 6= 0 and keeps the same

when κ1
i = 0 or in the no trade region. With this knowledge, we can

recover the shape of A1
i as the following: we start from one bound of u2

i ,

for example, the position upper bound posub2
i , find the optimal value

with the current inventory u1
i−1, then generate the value of u1

i linearly

against u2
i with the slope σ12δ

2κ1
i

, until hitting a no trade region. In no

trade region the optimal value of u1
i keeps the same for any value of u2

i ,

until there is a trade for the first instrument. We alternate the different

”regimes” between the trade regions and no trade regions until u2
i hits

the position lower bound poslb2
i .

Figure 11 shows an example of the shape of A1
i described above. The

horizontal line on the top and bottom gives the position upper bound

and the position lower bound of u2
i . The vertical line on the left and

right gives the position upper bound and the position lower bound of

u1
i . The red line segments are the desired position (u1

i )
∗ under differ-

ent value of u2
i . These line segments are connected. Region A and E

are the trading bound regions. In these two region the optimal solution

(u1
i )
∗ hits the trade upper(lower) bound thus the shape of (u1

i )
∗ hits the

boundary of A and E. Region B and D are trade regions. In these two

region (u1
i )
∗ is a linear function of u2

i with σ12

2κ1
i

as the slope. Region C

is no trade region so that the desired position (u1
i )
∗ in this region is a

vertial line segment.

The generation of the optimal solution pair ((u1
i )
∗, (u2

i )
∗) is simple
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Figure 11: The shape of A1
i .

once the shapes of optimal solution mapping Ai are computed. One idea

is enumerating all the line segments and to examine if two line segments

in A1
i and A2

i have intersection.

We test the dynamic programming algorithm in 2 instrument case

with 5 period prediction. Figure 12 gives a simple performance test be-

tween the dynamic programming algorithm and the quadprog algorithm

in MATLAB. The median execution time of dynamic programming al-

gorithm is 0.015 seconds whereas the median execution time of quadprog

is 0.069 seconds.

The difficulty. We provide an explanation of the difficulty of extend-

ing this algorithm into even higher dimension: We have seen the merge

process, which is the key process in this algorithm, is a one dimension

process (merging the breakpoints) in one instrument case. And it is a

two dimension process (merging the breaklines) in two instrument case.

Therefore in even higher dimension we have to create a merge process on

an n-dimensional item, which is very hard and time consuming without
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Figure 12: Performance test for two instrument five period test.

any dimension reduction technique.

5.2 Holding-Trading splitting

The key issue of extending the idea in chapter 4 into larger number

of instrument case is the covariance part in objective function. To see

this, recall that in the two instruments case the optimal mapping Ai is

a function of u1
i and u2

i , where the only term u2
i involved in is the off

diagonal part σ12u
2
i . In fact, the multi-period multi-instrument portfolio

optimization problem (3.11) is reduced to m(number of instruments) in-

dividual one instrument multi-period portfolio optimization problem if

the covariance is a diagonal matrix. This tells us that if we can split off

diagonal part of the covariance part out of the whole problem, we can

get the desired position of ith period u∗i by running m times dynamic

programming. With this aim, we are ready to introduce the Holding-

Trading splitting.
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We split the objective function in (3.11) with the following two

pieces:

F (u) = f(u) + g(u)

f(u) =
T∑
i=1

(βiu
T
i Σiui − rTi ui)

g(u) =
T∑
i=1

(τTi |ui − ui−1|+ (ui − ui−1)TDκi(ui − ui−1))

(5.7)

We call this splitting the Holding-Trading splitting scheme because of

the corresponding interpretation. The first part f(u) has the same form

as the objective function of multi-period Markowitz portfolio selection

problem. Here we provide another interpretation for f(u). The objective

function for ith period

fi(u) = βiu
T
i Σiui − rTi ui

can be seen as the utility from the start of ith period to the end of

ith period (here we assume the trading get done without any cost of

time). Therefore this utility is fully determined by the holding position

in ith period. Hence the sum of all the periods is the utility generated

by holding the position ui at ith period. The objective function g(u)

consists of the transaction costs of each period, which can be seen as the

sum of the trading utility over each period. We put the constraints of

the problem (3.11) into the function g(u) since the constraints essentially

regulates the trades of each period. With this scheme, we can rewrite

the portfolio selection problem as a minimization problem of the sum of
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two convex functions.

minimize
u1,u2,...,uT

F (u) = f(u) + g(u)

subject to f(u) =
T∑
i=1

(βiu
T
i Σiui − rTi ui)

g(u) =
T∑
i=1

(τTi |ui − ui−1|+ (ui − ui−1)TDκi(ui − ui−1)

+ IΩi
(ui))

(5.8)

where the indicator function

IΩi
(ui) =

0, ui ∈ Ωi

+∞, otherwise
(5.9)

gives the permissible portfolio region. By the definition of (2.13) one

can see the indicator function (5.9) is a proper convex function.

The problem (5.8) can be solved by proximal gradient algorithm (see

chapter 2 for detail)

uk+1 = proxγkg(u
k −∇f(uk)) (5.10)

In the context of (5.8), we use a half step represent the proximal gradient

algorithm with Holding-Trading splitting

uk+ 1
2 = uk −∇f(uk)

= uk − Σuk

uk+1 = proxγg(u
k+1)

= argmin
x

g(x) +
1

2γk

∥∥∥uk+ 1
2 − x

∥∥∥2

2

= argmin
x

T∑
i=1

(
1

2γ
xTi xi −

1

γk
u
k+ 1

2
i xi + τTi |xi − xi−1|+

(xi − xi−1)TDκi(xi − xi−1) + IΩi
(xi))

(5.11)
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The splitting scheme makes sense when each component is easy to eval-

uate. In the holding-trading splitting scheme, we have to evaluate two

half steps several times during the whole procedure: a gradient descent

step on holding utility

uk+ 1
2 = uk −∇f(uk) (5.12)

and then a proximal point evaluation on trading utility

minimize
x1,x2,...,xn

T∑
i=1

(
1

2γk
xTi xi −

1

γk
u
k+ 1

2
i xi + τTi |xi − xi−1|+

(xi − xi−1)TDκi(xi − xi−1) + IΩi
(xi))

subject to poslbi ≤ ui ≤ posubi, i = 1, 2, ..., T

trdlbi ≤ ui ≤ trdubi, i = 1, 2, ..., T

(5.13)

(5.12) is common matrix-vector multiplication. For (5.13), let

g(x) =
T∑
i=1

(
1

2γk
xTi xi −

1

γk
u
k+ 1

2
i xi + τTi |xi − xi−1|+

(xi − xi−1)TDκi(xi − xi−1) + IΩi
(xi))

and xi,j be the position of ith instrument over jth period. Then we have

g(x) =
T∑
i=1

(
1

2γk
xTi xi −

1

γk
u
k+ 1

2
i xi + τTi |xi − xi−1|+

(xi − xi−1)TDκi(xi − xi−1) + IΩi
(xi))

=
T∑
i=1

n∑
j=1

(
1

2γk
x2
i,j −

1

γk
u
k+ 1

2
i,j xi,j + τi,j

∣∣xi,j − xi−1,j

∣∣+
κi,j(xi,j − xi−1,j)

2 + IΩi,j
(xi,j))

=
n∑
j=1

T∑
i=1

(
1

2γk
x2
i,j −

1

γk
u
k+ 1

2
i,j xi,j + τi,j

∣∣xi,j − xi−1,j

∣∣+
κi,j(xi,j − xi−1,j)

2 + IΩi,j
(xi,j))

=
n∑
j=1

gj(x·,j).

(5.14)
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(5.14) shows that the objective function g(x) is separable, i.e., it is

the sum of the objective function of one instrument multi-instrument

portfolio optimization problem over all instruments, which can be solved

using the fast dynamic programming algorithm introduced in chapter 2.

Algorithm 3 gives the whole algorithm described in this section.

It is well known that the proximal gradient method can achieve linear

convergence, i.e., it attains ε accuracy within O(log 1
ε
) iterations.

Algorithm 3 find optimal portfolio u

Require: Σ, r, τ, κ, poslb, posub, trdlb, trdub, u0, n, ε;
Ensure: u;

tolerance = ε ∗ 10;
2: k = 1;

while tolerance > ε do
4: γk = 1;

for i = 1 : n do
6: u

k+ 1
2

i = uki − Σiu
k
i ;

end for
8: run algorithm 2 for each instrument uk+1

·,j with variance 1
2γk

and

the return 1
γk
u
k+ 1

2
·,j ;

tolerance =
‖uk+1−uk‖
‖uk‖

10: if tolerance ≤ ε then
return uk+1;

12: else {tolerance > ε,}
k = k + 1;

14: end if
end while

5.3 Semismooth Newton Methods

In the previous section we have shown an algorithm solving the

multi-instrument multi-period portfolio optimization problem (3.11). In

this section we introduce semismooth newton methods in order to im-

prove the convergence rate to second order. The method largely depends

on the nonsmooth analysis, we refer [32] for backgrounds.

Recall that the algorithm 3 is essentially a fixed point iteration of
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the following equation

u = proxγg(u−∇f(u)) (5.15)

It is equivalent to solve the system

G(u) = u− proxγg(u−∇f(u)) = 0 (5.16)

The system (5.16) can be solved by any iterative methods (like New-

ton’s method) when the left side has continuous second order derivative.

But this requires the proximal mapping proxγg(x) in C2. However, since

g does not have continuous second order derivative (one can see this

from the permissible portfolio identification function I(u) and the pro-

portional transaction cost term τT |u− u0|), the proximal mapping can

only be a function in C1 but not in C2. One way to overcome this issue

is using the nonsmooth analysis tools, typically clarke’s generalized Ja-

cobian (see chapter 2 for background) to extend the Newton’s method

to nonsmooth functions. The main advantage for semismooth Newton

methods is that they are very similar to the classical Newton methods

for smooth equations with same characteristics.

Algorithm 4 gives a simple semismooth Newton method for solving

the fixed point iteration system (5.16). It requires the computation of

the Clarke generalized Jacobian ∂G(u) in each iteration (see chapter 2

for the definition). Here we discuss a simple way to evaluate one element

of Clarke generalized Jacobian for our portfolio optimization problem.

We choose the generalized Jacobian by simply taking the partial

derivative of G(u) in (5.16) against each variable ui,j. First, from the

chain rule we know

∂CG(u) = I − (I −∇2f)T∂C(proxγg)(u)

= I − (I −∇2f)∂C(proxγg)(u)
(5.17)
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Algorithm 4 Semismooth Newton Method for (5.16)

Require: f, g, u0, ε;
Ensure: u;

G(uk) = uk − prox(uk −∇f(uk));
2: tolerance = ε ∗ 10;
k = 1;

4: while tolerance > ε do
γk = 1;

6: Select an element Hk ∈ ∂G(uk). Find a direction such that

G(uk) +Hkdk = 0.

uk+1 = uk + dk;
8: tolerance =

∥∥dk∥∥
if tolerance ≤ ε then

10: return uk+1;
else {tolerance > ε,}

12: k = k + 1;
end if

14: end while

Here f is a smooth holding utility function so that (I −∇2f) is a sym-

metric positive semi-definite matrix and has closed form

(I −∇2f)i = I − Σi (5.18)

The evaluation of ∂C(proxγg)(u) is much harder. From (5.14) we know

that the proximal mapping is separable, so as the Clarke generalized Ja-

cobian of it. Therefore we can evaluate the Clarke generalized Jacobian

for each instrument and combined them together. For each instrument,

we can get an element of Clarke generalized Jacobian using the pertur-

bation idea.

Recall that for the one instrument multi-period portfolio optimiza-

tion problem, the proximal mapping is

proxγg(u) = argmin
x

{g(x) +
1

2γ
‖u− x‖2}.
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where x and u are a T -dimension vectors. By perturbing ui, we have a

representation of ∂C(proxγg)(u)

∂C(proxγg)(u)j,k = [proxγg(u+ δuj)− proxγg(u)]k (5.19)

Under the context of one instrument multi-period portfolio optimization

problem, it is equivalent to ask how will the desired position (optimal

solution) change if we perturb one period of return by a small amount.

We can ask this question from the merge process. We analyze the effect

of return perturbation in two parts:

(i) The effect on xj from the perturbation of uj:

First, if the desired position hits the bound (either position bound

or trade bound), the perturbation on the return does not change

the desired position unless the desired position just hits the bound

(this means the desired position keeps the same without this bound

constraint). However, it is safe to say the desire position does not

change under this condition since it is in the convex hull of limiting

Jacobian. Then in this case, we know

∂C(proxγg)(u)j,j = 0. (5.20)

The second condition is the desired position locates in no-trade

region. With the similar analysis we know that the desired position

does not change under the small return perturbation

∂C(proxγg)(u)j,j = 0 if no trade. (5.21)

The remaining case is the desired position locates in trade region

but does not hit the bound constraint. In this case, from the

analysis in one instrument case (4.20) we know that the desired

position is proportional to the return perturbation:

u∗i =


ri

2(κi+κi+1)
+ C, 1 ≤ i < n,

ri
2κn

+ C, i = n,
(5.22)
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Therefore the Clarke generalized Jacobian is

∂C(proxγg)(u)j,j =


1

2(κi+κi+1)
, 1 ≤ i < n,

1
2κn

, i = n,
(5.23)

(ii) The effect on xk from the perturbation on uj(k 6= j).

In this case, we need consider all the changes of desired position

between kth period and jth period. Here we assume k < j for the

following analysis as an example. We mention that the analysis

keeps the same when k > j. Similarly with (i), when any desired

position between kth period and jth period hits bound constraints

or hits the no-trade region, the desired position at kth period does

not change with the return perturbation at jth period

∂C(proxγg)(u)j,k = 0. (5.24)

If all the desired positions from kth period to jth period have

trades and do not hit any constraints, the Clarke generalized Ja-

cobian is the production of each individual period by the chain

rule

∂C(proxγg)(u)j,k =


∏k

i=j
1

2(κi+κi)
, 1 < k < n,

1
2κn

∏n−1
i=j

1
2(κi+κi)

, k = n,
(5.25)

5.4 Choice of Step Size

Step size plays an important role in optimization. The main advan-

tage is that with a careful choice of step size, the global convergence is

guaranteed. The semismooth Newton method metioned above is a local

method, which means the convergence can be guaranteed with unit step

lengths unless it starts close to the solution. Otherwise the Jacobian

may blow up, or the iterates move between distinct regions of the pa-

rameter space without approaching a root. In order to make semismooth

Newton method more robust, several techniques are proposed. Here we
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introduce two methods used in our problem.

Backtracking line search. One simple way is backtracking line search.

Before describing the technique, we need introduce the merit function

for G(u).

We use the sum of squares, which is the most widely used merit

function, as the merit function in our problem

m(u) =
∥∥G(u)

∥∥2

2
=
∥∥∥u− proxγg(u−∇f(u))

∥∥∥2

2
(5.26)

One interpretation of the merit function (5.26) is that it measure the

norm of residues. When the merit function is zero, the residual is zero,

too. Then the values of uk at current iteration is exact the root of (5.16).

Therefore solving the system (5.16) is equivalent with minimizing the

merit function (5.26).

Semismooth Newton method only provides a vector dk indicating

the direction to the root. This direction is also the descent direction

of the merit function (5.26). In order to achieve sufficient progress in

one iteration, one can choose the step size αk that satisfies a sufficient

decreasing condition like Armijo condition∥∥∥G(uk + αkd
k)
∥∥∥2

2
≤
∥∥∥G(uk)

∥∥∥2

2
+ cαkG(uk)Tdk (5.27)

by using any line search technique, for example, the bisection method.

Algorithm 5 shows the whole procedure of semismooth Newton method

with backtracking line search methods.

Barzilai-Borwein(BB) step. Backtracking line search is simple but

powerful when the evaluation of the merit function is easy. However, the

merit function in our case contains a proximal mapping that requires an

additional optimization procedure. Therefore we propose using Barzilai-

Borwein step[2] instead of traditional backtracking line search.

The main idea of Barzilai-Borwein step is to use the information in

the previous interation to determine the step-size of the current iteration.
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Recall that the iteration formula is

uk+1 = uk − (∂CG(uk))−1G(uk) (5.28)

The goal is choose a scalar αk so that αkG(uk) approximates the Newton

step (∂CG(uk))−1G(uk). Let

sk = uk − uk−1

yk = Gk −Gk−1
(5.29)

We can get the approximation of Newton step by solving the least square

problem

αk = argmin
α

1

2

∥∥∥sk−1 − yk−1α
∥∥∥2

=
(sk−1)Tyk−1

(yk−1)Tyk−1

(5.30)

Algorithm 5 shows the whole procedure of semismooth Newton method

with Barzilai-Borwein step size.

5.5 Numerical Experiment

In this section we compare the Algorithm 5 with several benchmarks

described as the following:

ADMM[10]. Alternating Direction Method of Multipliers (ADMM)

is an algorithm that solves convex optimization problems by breaking

them into smaller pieces, each of which are then easier to handle. It

has recently found wide application in a number of areas. We describe

the basic ideas of ADMM and its implement for multi-instrument multi-

period portfolio optimization problem (3.11).

ADMM solves problems in the form

minimize
x,z

f(x) + g(z)

subject to Ax+Bz = c
(5.31)
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Algorithm 5 Semismooth Newton Method for (5.16) with backtracking
line search

Require: f, g, u0, ε, c;
Ensure: u;

G(uk) = uk − prox(uk −∇f(uk));
2: tolerance = ε ∗ 10;
k = 1;

4: while tolerance > ε do
γk = 1;

6: Select an element Hk ∈ ∂G(uk). Find a direction such that

G(uk) +Hkdk = 0.

Find the max value of αk ∈ {1, 2−1, 2−2, ...} such that αk satisfies
the Armijo backtracking condition for the merit function (5.27);

8: Set uk+1 = uk + αkd
k;

tolerance = |αk|
∥∥dk∥∥

10: if tolerance ≤ ε then
return uk+1;

12: else {tolerance > ε,}
k = k + 1;

14: end if
end while
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Algorithm 6 Semismooth Newton Method for (5.16) with Barzilai-
Borwein step

Require: f, g, u0, ε, c;
Ensure: u;

G(uk) = uk − prox(uk −∇f(uk));
2: tolerance = ε ∗ 10;
k = 1;

4: while tolerance > ε do
γk = 1;

6: Select an element Hk ∈ ∂G(uk). Find a direction such that

G(uk) +Hkdk = 0.

Set sk = uk − uk−1;
8: Set yk = G(uk)−G(uk−1);

Set αk = (sk−1)T yk−1

(yk−1)T yk−1 ;

10: Set uk+1 = uk + αkd
k;

tolerance = |αk|
∥∥dk∥∥

12: if tolerance ≤ ε then
return uk+1;

14: else {tolerance > ε,}
k = k + 1;

16: end if
end while
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with variables x ∈ Rn and z ∈ Rm, where A ∈ Rp×n,B ∈ Rp×m, and

c ∈ Rp. In out problem, the variable x and z are the same, so ADMM

reduces to
minimize

x,z
f(x) + g(z)

subject to x− z = 0
(5.32)

By forming the augmented Lagrangian

Lρ(x, z, y) = f(x) + g(z) + yT (x− z) +
ρ

2
‖x− z‖2 (5.33)

ADMM consists of the iterations

xk+1 = argmin
x

Lρ(x, z
k, yk)

zk+1 = argmin
z

Lρ(x
k+1, z, yk)

yk+1 = yk + ρ(xk+1 − zk+1)

(5.34)

With the expression of f and g in (5.8), we have the ADMM iterations

for out portfolio optimization problem

xk+1
i = (

ρ

2
I + βiΣi)

−1(yki + zki )

zk+1
·,j = argmin

z

T∑
i=1

(
ρ

2
z2
i − ρyki xk+1

i zi + τi|zi − zi−1|

+κi(zi − zi−1)2 + IΩi
)

yk+1
i = yki + ρ(xk+1

i − yk+1
i )

(5.35)

The parameter ρ is chosen by the following logic[41, 10]

ρk+1 =


2ρk, if

∥∥rk∥∥
2
> 10

∥∥sk∥∥
2

ρk/2, if
∥∥sk∥∥

2
> 10

∥∥rk∥∥
2

ρk otherwise,

(5.36)

where sk+1 = ρk(zk − zk+1) is the dual residual and rk+1 = xk+1 − zk+1

is the primal residual.

FBN[67]. Forward-Backward truncated Newton method (FBN) is an
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efficient Newton-like algorithm for convex optimization problems in com-

posite form

minimize F (x) = f(x) + g(x) (5.37)

Instead of minimizing F (x), it considers a forward-backward envelope Fγ

of F

Fγ(x) = f(x)− γ

2

∥∥∇f(x)
∥∥2

2
+ gγ(x− γ∇f(x)) (5.38)

where gγ is the Moreau envelope of g

gγ(x) = inf
u
{g(u) +

1

2γ
‖u− x‖2} (5.39)

FBN uses approximate generalized Hessian

∂̂2Fγ(x) = {γ−1(I − γ∇2f(x))(I − P (I − γ∇2f(x)))} (5.40)

where

P ∈ ∂C(proxγg)(x− γ∇f(x)) (5.41)

With the approximate generalized Hessian, FBN uses conjugate gradi-

ent method to compute a descent direction dk and run a backtracking

line search untill convergence. It has Q-quadratic convergence when the

forward-backward envelope Fγ is nice enough. We emphasize that FBN

is the only splitting method which has a proved quadratic convergence

so far.

We compare our algorithm with ADMM and FBM in two tests, the ran-

dom test and real data back test.

Random test. In this test we run a 500 instrument 3 period portfolio

optimization problem with trade bound and position bound constraints.

We use random generated asset returns, random transaction cost mul-

tipliers τ > 0 and κ > 0, random trade bound and position bound

constraints with guaranteed feasibility (this means the problem has at

least one solution), and a randomized factor model with 20 factors as

the risk estimator.

Figure 13 shows the convergence result. As the benchmark, the
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Figure 13: The convergence result of random test. The blue line is the
convergence of ADMM, the red line and yellow line are two forward-
backward Newton method and its variant in [67], the purple line is Al-
gorithm 5. As a benchmark, the green line is the result coming from
quadprog in MATLAB.
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green line shows the relative difference of objective function value of

quadprog function in MATLAB. ADMM (the blue line) and FBN (the

red and yellow line) have linear convergence rate with a relatively slow

parameter. And they stick in high relative error after 30 iterations. On

the contrast, Algorithm 5 has similar convergence rate with FBN meth-

ods in the first 15 iterations. Then it beats FBN and converges in a

quadratic rate, and beats quadprog after 25 iterations.

Real quote data test. Another test is using the historical quote data

to examine the performance of our multi-instrument multi-period port-

folio optimizer. In this test we simulate a back test of 5 minutes trading

system with 78 periods of predictions in January 2017. Therefore the

total trading cycle is 78 * 20 = 1560. We choose 10 Exchange-traded

funds(ETF), which have the highest volume traded in the New York

Stock Exchange (NYSE), as our target instruments in the simulation.

Table (1) shows the names and descriptions of these ETFs. We setup the

estimators as the following: For the covariance matrix, we use a shrink-

age estimator [52] of the sample covaraince estimated using 100 periods

historical log return data. We use the multiple input multiple output

triangular input balanced (MIMO-TIB) filter [51, 83] as the predictions

of ETF returns. The linear transaction cost multipliers τ are estimated

as the half value of the median bid-ask spread for the same trading pe-

riod over 3 months, i.e. the linear transaction cost multiplier for 10:30

a.m. is the half of the median bid-ask spread at 10:30 a.m. over past

3 month. We choose the quadratic transaction multipliers simply as 1.

The trade bounds are estimated as 5% of the median trading volume

over past 3 month. The position bounds are estimated as 5% of the

asset’s market capitalization in previous day.

We compare the Algorithm 6 with three benchmarks. One is the

quadprog function in MATLAB which is the standard interior point

solver with high performance implementation. Another one is a commer-

cial solver ”MOSEK”[1], which is widely used in mathematical finance

area. The third one is a splitting method solver ”OSQP”[76], which

is the first standard splitting method solver implemented by ADMM
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NYSE ticker name description
SPY SPDR S&P 500 ETF
QQQ Invesco QQQ Trust
DIA SPDR Dow Jones Industrial Average ETF
GLD SPDR Gold Shares
USO United States Oil
TLT iShares 20+ Year Treasury Bond ETF
XLK Technology Select Sector SPDR ETF
XLF Financial Select Sector SPDR Fund
VXX iPath S&P 500 VIX ST Futures ETN
EEM iShares MSCI Emerging Markets ETF

Table 1: Selected Exchange-traded fund (ETF) names for quote data
test and their descriptions

method. Figure 15 shows the boxplot of the execution time for the

portfolio optimization in each trading cycle. We refer the Algorithm 6

as PGDP (proximal gradient dynamic programming) as the first bar in

the figure. We report that the median execution times for each meth-

ods are 0.6140s for PGDP, 0.8717s for quadprog, 1.6081s for MOSEK

and 1.9766s for OSQP. PGDP has about 30% performance improvement

than the best of benchmarks (quadprog) and it is more stable (notice

that there are two outliers in quadprog).
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Figure 14: The boxplot of the relative error of portfolio optimization for
each trading cycle.

6 A HESSIAN FREE SPLITTING SOLVER

FOR REGULARIZED QP PROBLEM

In this chapter we develop a Hessian free solver for regularized

quadratic programming (QP) problem

minimize
x

h(x) + I(x)

subject to h(x) =
1

2
xTHx+ fTx

(6.1)

using forward-backward splitting scheme in chapter 5. We start from

the general discussion of the iteration formula of the solver. Then we

discuss the key idea of this solver: the Barzilai-Borwein (BB) step size.

As the examples, the nonnegative constrained QP, box constrained QP,

general linear constrained QP and box constrained QP with L1 penalty

are provided in the numerical experiments.
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Figure 15: The boxplot of the execution time of portfolio optimization
for each trading cycle.

6.1 The iteration formula

There is a natural splitting scheme for (6.1): the quadratic objec-

tive function part h(x) and the regularization part I(x). Following the

analysis of chapter 2, a fixed point iteration of (6.1) can be written as

follows

xk+1 = xk − proxγI(x
k − γ∇h(xk)) (6.2)

where proxγI(·) is the proximal mapping operator of I. As a special

case, when I is an indicator function, its proximal mapping operator is

the projection operator

proxγIx∈C(x) = argmin
u∈C

‖u− x‖2
2 (6.3)
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In order to improve the convergence performance, one can use the semis-

mooth newton method

G(xk) = xk − proxγI(x
k − γ∇h(xk))

xk+1 = xk − ∂CG(xk)
(6.4)

where the Clarke generalized Jacobian (see chapter 2 for detail) ∂CG(xk)

is

∂CG(xk) = I − (I − γ∇2h)∂Cproxγg(I − γ∇2h) (6.5)

One can keep iterating (6.4) with suitable step size until converge.

6.2 Quasi-Newton methods

There are two challenges for the iteration (6.4). One is that we have

to find an approximation of Hessian matrix Hk ∈ ∂CG(xk). However, in

practice the proximal mapping is not trivial, therefore the generalized

Jacobian (which is also the approximation of the Hessian) is hard to

evaluate. The other one is numerical performance. Newton method

requires solving a linear system

Hkd
k = −∇f(xk) = −G(xk) (6.6)

to get a descent direction. In general, solving a linear system like (6.6)

needs O(n3) floating point operations. One also compute Cholesky de-

composition of the Hessian if it keeps the same in each iteration. Then

solving (6.6) reduces to solve two triangular system which can be done

by O(n2). But in the proximal gradient case the Hessian matrices in

each iteration are not the same. Therefore we have to solve a new sys-

tem in each iteration.

With these two major issues, we propose using quasi-Newton meth-

ods to get the descent direction in each period. Typically, we develop a

quasi-Newton methods[25] using the multiple of identity matrix as the

approximation matrix so that we can determine the step size parameter
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without evaluating the proximal mapping.

Instead of solving (6.6) directly, quasi-Newton methods seek to find

an approximation of the Hessian under some rules, and solve a new

system

Bkdk = −G(xk) (6.7)

with the approximated Hessian Bk. Perhaps the most famous quasi-

Newton methods is BFGS and its limited memory variant L-BFGS.

However, BFGS and L-BFGS are not favourable in the context with

proximal mapping becauce they need to evaluate the proximal mapping

several times in order to get a proper step size to converge. This needs

a lot extra work since in general the evaluation of proximal mapping

is equivalent with solving a quadratic programming problem except in

some special cases. Invoke from the Barzilai-Borwein method[2] in the

unconstrained quadratic programming problem, we propose using the

multiple of identity as the approximation of true Hessian Hk.

The method. Recall that the Newton direction is

dk = −H−1
k G(xk). (6.8)

Let
sk = xk − xk−1

yk = G(xk)− (xk−1)
(6.9)

Then we have

Hksk−1 = yk−1 (6.10)

Here we choose an multiple of identity matrix α−1
k I so that

α−1
k Isk−1 ≈ yk−1. (6.11)

One plausible choice is choosing αk by minimizing the euclidean norm

αk = argmin
α

∥∥α−1sk−1 ≈ yk−1

∥∥2
(6.12)
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which has the closed form solution

αk =
sTk−1yk−1

yTk−1yk−1

(6.13)

Algorithm 7 gives the whole procedure of our quasi-Newton algorithms

Algorithm 7 Quasi-Newton method for (6.1) with diagonal hessian
(PGDH)

Require: H, f, I, x0, ε;
Ensure: x;

for k = 1, 2, ... do
2: Set G1 = xk − proxγI(xk − (γHxk + f));

if k > 1 then
4: Set sk = αk−1 ∗ dk−1;

Set yk = G1 −G0;

6: Set αk =
sTk yk
yTk yk

;

Set xk = xk−1 − αG1;
8: else {k = 1,}

Set αk = 1;
10: Set xk = x0 −G1;

end if
12: Set G0 = G1;

Set k = k + 1;
14: if ‖αkG1‖ < ε then

return proxγI(xk − (γHxk + f)
16: end if

end for

which solves the regularized quadratic programming problem (6.1).

6.3 Numerical Experiments

In this section we compare the Algorithm 7 with other solvers. The

first one is Matlab’s built-in “quadprog” solver, it solves the standard

quadratic programming problem using interior point methods. Another

one is a commercial solver MOSEK, which formulates the quadratic pro-

gramming problem as a cone programming problem. We also compare

our algorithm with two known splitting method solver. One is FBS, the

other one is OSQP.
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The proposed test problems are largely based on the practical quadratic

programming in portfolio selection area. The dimension of the problems

ranges from 1000 to 3000 based on the number of trading universe.

Structure Hessian matrix is another feature in this area since the sam-

ple covariance in the stock market is always ill-conditioned. Therefore

we test the problem with both randomized covariance and a randomized

factor model.

6.3.1 Long only portfolio

A long only portfolio seeks to find an optimal asset allocation with-

out any short positions. With the mean-variance portfolio optimiza-

tion structure, one can get an optimal long only portfolio by solving

a standard quadratic programming problem with nonneagtive orthant

constraints

minimize
u

1

2
uTΣx− rTu

subject to u ≥ 0
(6.14)

where r is the return estimator, Σ is the variance estimator. To fit (6.14)

to our formulation, we rewrite the problem as

minimize
u

h(u) + g(u)

subject to h(u) =
1

2
uTΣu− rTu

g(u) = Iu≥0(u)

(6.15)

From the analysis of proximal mapping operator in Chapter 2, we know

proxγIu≥0
(u) = (u)+, (6.16)

where the nonnegative part operator (·)+ is taken elementwise. Thus, to

get the evaluation of proximal mapping, we simply replace each negative

component of x with zero.

Randomized covariance test. We test the proposed algorithms and

the benchmarks mentioned above in with 100 random long only portfolio

selection problem with 1500 instruments. The covariance is generated
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Figure 16: The box plot of the log based absolute error of different
algorithms against the minimum objective function value. The test runs
100 random samples of portfolio selection problems with randomized
covariance matrix of 1500 instruments.
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Figure 17: The box plot of the execution time of different algorithms.
The test runs 100 random samples of portfolio selection problem with
randomized covariance matrix of 1500 instruments.
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with the following rule: we first generate a random n by n matrix A

with standard normal distribution for each entry, then we compute the

Hessian by H = AAT , which will enforce the Hessian be positive defi-

nite. We use both the objective function value and execution time as

the performance measure. Figure 16 shows the boxplot of the relative

differences between different algorithms and the one with lowest objec-

tive function value. From the plot we see the proposed algorithm has

generally the lowest objective function value over 100 test. Figure 17

shows the boxplot of execution time for different algorithms over 100

tests. Still the proposed algorithm is generally faster than others.

Randomized factor model test. Instead of using a full sample co-

variance matrix, practitioners usually use a factor model specify the

systematic risk (market risk) and the unsystematic risk (idiosyncratic

risk). Here we use a randomized factor model with 20 factors, i.e.

Σ = D + V V T (6.17)

where Σ ∈ Rn×n is the (shrunken) sample covariance matrix, and D is

a diagonal matrix representing the idiosyncratic risk, V ∈ Rn×20 is a

factor loading matrix representing the market risk.

We use the same environment as random covariance test except re-

placing the randomized covariance matrix by a randomized factor model.

Figure 18 and 19 show the error plot of objective function value and the

execution time of different methods. The proposed algorithms still have

faster execution time and lower objective function values.

6.3.2 Long short portfolio with bound constraint

Long short strategies are widely used in active portfolio manage-

ment, for example, the Hedge Funds. It has the potential to enhance

returns from active security selection[46]. It can also reduce a lot risk

than a long only portfolio since a long short portfolio has larger permissi-

ble portfolio space to search in general. Despite the huge advantages, the

cost in an active portfolio management fund is considerable. Therefore
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Figure 18: The box plot of the log based absolute error of different
algorithms against the minimum objective function value. The test runs
100 random samples of portfolio selection problems with randomized
factor model of 1500 instruments.
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Figure 19: The box plot of the execution time of different algorithms.
The test runs 100 random samples of portfolio selection problems with
randomized factor model of 1500 instruments.
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the objective function for an active management portfolio often adds the

transaction cost penalty.

In this test, we form a mean variance portfolio selection problem

with proportional transaction cost and portfolio bound constraints

minimize
u

1

2
uTΣu− rTu+ τT‖u‖1

subject to lb ≤ u ≤ ub.
(6.18)

where r is the return estimator, Σ is the variance estimator, τ is the

proportional transaction cost estimator, ‖·‖1 is the 1-norm which is the

sum of absolute values, lb is the lower position bound of each asset and

ub is the upper position bound for each asset. For this problem we use

the following splitting scheme

minimize
u

h(u) + g(u)

subject to h(u) =
1

2
uTΣu− rTu

g(u) = τT‖u‖1 + Ilb≤u≤ub(u)

(6.19)

Then the proximal mapping for g(u) is

proxγIlb≤u≤ub
(u) = min(max((u− γτ)+ − (−u− γτ)+, lb), ub), (6.20)

Random test with randomized covariance. Similar with the long

only portfolio test, we run 100 randomized long only portfolio selection

problem with 1500 instruments in order to compare the performance of

our proposed algorithm and other benchmarks. In this part we generate

the Hessian by H = AAT , where A is an n by n random matrix. We

still use both the objective function value and execution time as the

performance measure.

Figure 20 shows the boxplot of the relative differences between

different algorithms and the one with lowest objective function value.

From the plot we see the proposed algorithm has generally the lowest

objective function value over 100 test. Figure 21 shows the boxplot of
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Figure 20: The box plot of the log based relative error of different al-
gorithms against the minimum objective function value. The test runs
100 random samples of long short portfolio selection problems with 1500
instruments and random covariance matrix. In the test PGDH always
has the lowest value so that its log10 based error is negative infinity.
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Figure 21: The box plot of the execution time of different algorithms.
The test runs 100 random samples of portfolio selection problems with
1500 instruments and random covariance matrix.
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Figure 22: The box plot of the log based relative error of different algo-
rithms against the minimum objective function value. The test runs 100
random samples of portfolio selection problems with 1500 instruments
and factor model.In the test PGDH has the lowest value in the most of
time so that its boxplot only has a 95% upper bar.

execution time for different algorithms over 100 tests. Still the proposed

algorithm is generally faster than others.

Random test with randomized factor model. In this test we run

100 random long short portfolio selection problem with the same setting

as above except that in this test we use factor model as the covariance

estimator. We use 20 factors therefore the factor loading matrix V is a

matrix with size 1500 by 20.

Figure 22 and 23 show the relative error and the execution time

result. The proposed method PGDH has both the lowest relative error

and the fastest execution time. We also mention that the execution time

of FBN has some outliers therefore it is not very robust from the result

of our test.
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Figure 23: The box plot of the execution time of different algorithms.
The test runs 100 random samples of portfolio selection problems with
1500 instruments and factor model.
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7 SPLITTING METHODS FOR SDES

The theory of stochastic differential equations (SDEs) is one of the

most important area in mathematical finance. It has become the stan-

dard model for asset prices, interest rates, and their derivatives. Unlike

the ODEs, SDEs have solutions that are continuous time stochastic pro-

cesses. Further, most SDEs do not have closed form solutions. Therefore

the numerical method plays an important role of solving SDEs.

There is a vast literature of strongly convergence schemes in the clas-

sical SDEs. Many of them are based on truncating the stochastic Tay-

lor expansion [79, 44, 82, 43]. Others include stochastic Runge–Kutta

schemes [72, 13], and Castell–Gaines schemes [16]. In this chapter,

we develop a splitting scheme for the numerical approximation of the

Stratonovich integral.

We start from the background of stochastic integral, then we in-

troduce the Peaceman-Rachford scheme for the Stratonovich integral.

We test the proposed scheme against the classical scheme on geometric

brownian motion and Cox–Ingersoll–Ross model. Finally we show the

application of Peaceman-Racheford scheme on unitary brownian motion.

Throughout this chapter, we denote Ω as the sample space, F as the

σ-algebra on Ω, and P as the probability measure. Therefore the triple

(Ω,F ,P) is a probability space.

7.1 Stochastic differential equations and numerical

schemes

In this section we review the most fundamental concepts from stochas-

tic calculus that are needed to proceed with our description of numerical

methods. We refer [50, 63, 73].

Definition 7.1 (Brownian motion[73]). Let (Ω,F ,P) be a probability

space, For each ω ∈ Ω, suppose there is a continuous function W (t) of

t ≥ 0 that satisfies W (0) = 0 and that depends on ω. Then W (t), t ≥ 0,
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is a Borwnian motion if for all 0 = t0 < t1 < ... < tm the increments

W (t1) = W (t1)−W (t0),W (t2)−W (t1), ...,W (tm)−W (tm−1) (7.1)

are independent and each of these increments is normally distributed

with

E[W (ti+1)−W (ti)] = 0,Var[W (ti+1)−W (ti)] = ti+1 − ti (7.2)

A typical diffusion process in finance is modeled as a differential

equation involving drift terms and diffusion terms, the latter represented

by a brownian motion, as in the equation

dX = a(t,X)dt+ b(t,X)dWt (7.3)

The solution of (7.3) is a stochastic process

X(t) = X(0) +

∫ t

0

a(t,X)dt+

∫ t

0

b(t,X)dWt (7.4)

We mention that the integral of diffusion part in (7.4) is so called Itô

integral, which is a limit in probability of the following Riemann sums∫ t

0

HdW = lim
n→∞

∑
[ti−1,ti]∈πn

Hti−1
(Wti −Wti−1

). (7.5)

Here πn is a sequence of partitions of [0, t] with mesh going to zero.

Instead of using (7.5), one can also use the mid-points as the approxi-

mation of Riemann sums∫ t

0

H ◦ dW = lim
n→∞

∑
[ti−1,ti]∈πn

Hti−1
+Hti

2
(Wti −Wti−1

). (7.6)

(7.6) is called Stratonovich integral. The solution of Itô integral (7.4)
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coincides with the following Stratonovich integral [78]

X(t) = X(0) +

∫ t

0

(a(t,X)− 1

2
b(t,X)

∂b

∂X
(t,X))dt+

∫ t

0

b(t,X) ◦ dWt

(7.7)

Therefore one can use different numerical schemes integrate (7.5) or (7.7)

and get the same process.

Although there is a relationship between Itô integral and Stratonovich

integral, the numerical schemes for integrating these two integrals are

not the same. In the setting of Itô integral, one can use Euler–Maruyama

(EM) method which is corresponding to the Euler step in ODEs

Xj = Xj−1 + a(Xj−1)∆t+ b(Xj−1)(Wj −Wj−1), j = 1, 2, ..., N (7.8)

where ∆t is the time interval discretized by some positive integer N , and

(Wj −Wj−1) is the increments of Brownian motion during this interval.

Another numerical scheme for Itô integral is Milstein’s method

Xj = Xj−1 + a(Xj−1)∆t+ b(Xj−1)(Wj −Wj−1)

+
1

2
b(Xj−1)

∂b

∂X
(Xj−1)((Wj −Wj−1)2 −∆t)

(7.9)

It is well known that Euler–Maruyama converges with strong order 1/2

and weak order 1, while Milstein’s method converges with strong order

1 and weak order 1.

For stratonovich integral, a classical scheme is Euler-Heun method

X̃ = Xj−1 + a(Xj−1)∆t+ b(Xj−1)(Wj −Wj−1)

Xj = Xj−1 + a(
Xj−1 +Xj

2
)∆t+ b(

Xj−1 +Xj

2
)(Wj −Wj−1)

(7.10)

Basically it does one step extrapolation on Euler-Maruyama step to get

the approximation of next step.
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7.2 Peaceman-Rachford splitting scheme for SDEs

There are obviously two processes in SDEs: the deterministic part

and the stochastic part. Therefore, for (7.3) a natural spitting in the

present case is

dX∗ = a(t,X)dt

dX∗∗ = b(t,X)dWt

(7.11)

Then one can apply the Peaceman-Rachford splitting scheme on (7.3),

i.e. perform a forward Euler step on the deterministic part and a back-

ward Euler step on the stochastic part, then switch the roles of two parts

and do another Euler step update on them. The updating formula for

(7.3) is shown as the following

X1 = Xj−1 + a(Xj−1)
∆t

2

X2 = X1 + b(X2)
Wj −Wj−1

2

X3 = X2 + b(X2)
Wj −Wj−1

2

Xj = X3 + a(Xj)
∆t

2

(7.12)

7.3 Numerical experiment

In this section we compare the Peaceman-Rachford splitting scheme

with other classical numerical schemes introduced in previous sections.

Geometric Brownian motion. Usually the dynamics of the underly-

ing asset price is modeled by the geometric Brownian motion. Let S(t)

be the asset price at time t, then the model is of the form

dS(t) = µS(t)dt+ σS(t)dW (t) (7.13)

where W (t) is the Wiener process or standard Brownian motion, and

µ, σ are the real parameters called ”drift” and ”volatility”, respectively.
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Figure 24: Strong convergence of different methods applied to the geo-
metric brownian motion with parameters µ = 1, σ = 2. The value of
each data point is computed by averaging 500 samples.

The Peaceman-Rachford splitting scheme for (7.13) is

Sj = (1− µ∆t

2
)−1(1 + σ

Wj −Wj−1

2
)(1− σWj −Wj−1

2
)−1(1 + µ

∆t

2
)Sj−1

(7.14)

Figure 24 shows the strong convergence result for our proposed

method and other classical methods under the average of 500 simula-

tion paths. Clearly our proposed method (purple line) has significantly

better performance than other methods. In fact, using the same size of

discretization on time, our proposed method has one digit better accu-

racy than the best (Euler-Heun method, yellow line) of other methods.

In order to achieve the same accurary, our proposed method only need

1/10 number of grid on time scale, which rouly means we only need 1/10

number of computations.

Cox–Ingersoll–Ross (CIR) model. CIR model is a stochastic model

99



Figure 25: Strong convergence of different methods applied to the CIR
model with parameters a = 2, b = 1 and σ = 1. The value of each data
point is computed by averaging 500 samples.

widely used in interest rate modelling. It is of the form

drt = a(b− rt)dt+ σ
√
rtdWt (7.15)

where rt is the interest rate at time t, a, b, and σ are parameters, Wt is

the standard Brownian motion.

The Peaceman-Rachford splitting scheme for CIR model is

r1 = (1 +
1

2
a(b−Xj−1)dt)rj−1

r2 = r1 +
1

2
σ
√
r2dWt

r3 = r2 +
1

2
σ
√
r3dWt

rj =
r3 + ab

2
dt

1 + a
2
dt

(7.16)

Figure 25 shows the the strong convergence result for our proposed
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method and other classical methods under the average of 500 simulation

paths. Still our proposed method (purple line), though in a small scale,

outperforms other methods.

Brownian motion on unitary group. Recently stochastic differen-

tial equations on the group of unitary matrices U(N) have begun to

find a variety of applications. For example, the interest rate model on

Lie groups [65], robotics applications [14, 66] and quantum control and

physics [23]. Here we test our proposed scheme against the classical

numerical schemes on the brownian motion on unitary group U(10), i.e.

the brownian motion on the 10 by 10 unitary matrices. We focus on the

numerical integral itself, and refer [28, 48, 47, 17] for the background.

For a Brownian motion on unitary group U(N), the Itô equation is

defined as

dU(t) = iU(t)dX(t)− 1

2
U(t)dt (7.17)

where

X(t) =
1

2
[ZN(t) + ZN(t)∗] (7.18)

and

[ZN(t)]jk =
1√
N

[Wjk(t) + iW ′
jk(t)]. (7.19)

Here {Wjk(t),W
′
jk(t)}1≤j,k≤N are independent Brownian motions. The

stratonovich equation for (7.17) is

dU(t) = U(t) ◦ dX(t) (7.20)

Since (7.20) does not have drift term, the Peaceman-Rachford splitting

for (7.20) only contains the diffusion part

Uj = Uj−1(I − 1

2
(Xj −Xj−1))−1(I +

1

2
(Xj −Xj−1)) (7.21)

Figure 26 illustrates the mean uniform squared convergence of

Peaceman-Rachford splitting scheme and other classical schemes. It

is clear that Peaceman-Rachford scheme drastically outperforms Euler-

Maruyama for all step sizes considered. It also outperforms Euler-Heun
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Figure 26: Convergence of the proposed method and other methods
to the unitary brownian motion (7.17) and (7.20) with N = 20 in the
metric Y = E[maxj ||Uj − U(j∆t)||2]. The exact solution used in the
error computation is based on Euler-Heun method with discretized time
interval ∆t = 2−16, while the schemes tested have ∆t = 2−8, 2−9, ..., 2−15.
In this test, the Milstein method (red line) coincides Euler-Heun method
(yellow line)
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Figure 27: The conservation property measure of the proposed method
and other methods to the unitary brownian motion (7.17) and (7.20)

with N = 20. The Y axis is computed by E

[∥∥∥UT
j Uj − I

∥∥∥
2

]
. This mea-

sure has 0 value when Uj is a unitary matrix. The schemes tested have
∆t = 2−8, 2−9, ..., 2−15. In this test, the Milstein method (red line) coin-
cides Euler-Heun method (yellow line)
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method and Milstein method though in a relatively small scale. Fig-

ure 27 gives the conservation property measure for all schemes. That

is, the distance between the result coming from the numerical schemes

and the unitary group U(20). It turns out Peaceman-Rachford splitting

scheme always gives a unitary matrix as the result, while the result of

other schemes have noticeable distance from the unitary group U(20) as

a manifold.
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8 Appendix

Appendix A: Buy/sell split

The original optimization problem is

minimize
w1,w2,...,wn

f =
n∑
i=1

(
1

2
wTi C

2
i wi − rTi wi + τTi |wi − wi−1|+

(wi − wi−1)Tκi(wi − wi−1))

subject to wi − wi−1 ≥ trdlb

wi − wi−1 ≤ trdub

wi ≥ poslb

wi ≤ posub

One technique we can use in this problem is splitting every trade into a

buy and a sell:

wi − wi−1 = bi − si

bi ≥ 0

si ≥ 0

here we can assume a complementary condition:

bi > 0⇒ si = 0

si > 0⇒ bi = 0

⇒ bT s = 0

then each trade can be written as the following:

|wi − wi−1| = bi − si

wi = w0 +
i∑

k=1

(bi − si)
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The objective function becomes:

f =
n∑
i=1

(
1

2
wTi C

2
i wi − rTi wi + τTi |wi − wi−1|+

(wi − wi−1)Tκi(wi − wi−1))

=
n∑
i=1

(
1

2
(w0 +

∑
k<i

(bk − sk))TC2
i (w0 +

∑
k<i

(bk − sk))−

rTi (w0 +
∑
k<i

(bk − sk)) + τTi (bi + si) + (bi + si)
Tκi(bi + si))

=
n∑
i=1

(
1

2
(
∑
k<i

(bk − sk))TC2
i (
∑
k<i

(bk − sk)) + w0C
2
i (
∑
k<i

(bk − sk))−

rTi
∑
k<i

(bk − sk) + τTi (bi + si) + (bi + si)
Tκi(bi + si) + const.)

=
1

2
(b− s)TLTC2L(b− s) + (e⊗ w0)TC2L(b− s)− rTL(b− s)+

τT (b+ s) + (b+ s)Tκ(b+ s) + const.

=
1

2

[
b− s b+ s

]LTC2L 0

0 2κ

b− s
b+ s

+

[
(e⊗ w0)C2L− rTL τT

]b− s
b+ s

+ const.

where I is identity matrix, ⊗ is the Kronecker product, and

L = L0 ⊗ I

=



1 0 0 ... 0 0

1 1 0 ... 0 0

1 1 1 ... 0 0

... ... ... ... ... ...

1 1 ... ... 1 0

1 1 ... ... 1 1


⊗



1 0 0 ... 0 0

0 1 0 ... 0 0

0 0 1 ... 0 0

... ... ... ... ... ...

0 0 ... ... 1 0

0 0 ... ... 0 1


Therefore, in the multiple-instrument multiple-period case, we rewrite:
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D = I ⊗ C2

g =
[
(e⊗ w0)TC2L− rTL τT

]T
=
[
τ LT (r − C2(e⊗ w0))

]
The optimization problem becomes:

minimize
b,s

f =
1

2

[
b s

] I I

−I I

LTDL 0

0 2κ

I −I
I I

b
s


+ gT

b
s


subject to b ≥ 0

s ≥ 0

b ≤ trdub

s ≤ trdlb

L(b− s) ≤ posub− e⊗ w0

L(b− s) ≥ poslb− e⊗ w0

The constraints are equivalent to:

−I 0

0 −I
I 0

0 I

L −L
−L L



b
s

 ≤



0

0

trdub

trdlb

posub− e⊗ w0

−(poslb− e⊗ w0)


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Appendix B: quadratic programming with equality

constraint

Consider the general linear equality constrained quadratic program-

ming problem

minimize
x

1

2
xTHx+ fTx

subject to Ax = b
(8.1)

where x ∈ Rn, H ∈ Rn×n,f ∈ Rn,A ∈ Rm×n,b ∈ n. Notice that the

problem (8.1) is not feasible when m > n, and it has an unique solution

when m = n (in this case one just need to solve the euqation Ax = b).

Therefore in this problem we only consider m < n. In this part,we try

to answer the following two questions: (i) Does the problem (8.1) has a

closed form solution? (ii) Does the problem (8.1) has a gradient descent

updating formula? These two questions are essentially the same since

the objective function in the problem (8.1) is a smooth function.

The key idea is to get rid of the equality constraint Ax = b, which

is equivalent to find the general solution of the linear system Ax = b.

There are many ways to do this. Here we describe a practical way to do

this. We first align the matrix AT with a random matrix N ∈ Rn×(n−m),

and denote the new matrix by M

M =
[
AT N

]
(8.2)

Then we take the QR decomposition of M , and split the unitary matrix

Q into two piece, the orthonormal basis QT
A for the range of AT and the

orthonormal basis QT
N for the kernel of AT . Then we have

AQNy = 0, ∀y ∈ Rn−m (8.3)

Then we know the matrix QN maps any vector y ∈ Rn−m to a vector

x ∈ Rn in the null space of A. Once we have the null space mapping

QN , the problem (8.1) can be written as an unconstrained quadratic
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programming problem

minimize
y

1

2
(QNy + A†b)TH(QNy + A†b)y + fT (QNy + A†b) (8.4)

where A† is the Moore–Penrose inverse of A. The optimal solution y∗ of

(8.4) is

y∗ = −(QT
NHQN)−1QT

N(HA†b+ f) (8.5)

and the solution for (8.1) is

x∗ = QNy
∗ + A†b (8.6)
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